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Summary. We consider a general. class of varying bandwidth estimators of a
probability density function. The class includes the Abramson estimator, trans-
formation kernel density estimator (TKDE), Jones transformation kernel density
estimator (JTKDE), nearest neighbour type estimator (NN), Jones—Linton—
Nielsen estimator (JLN), Taylor series approximations of TKDE (TTKDE) and
Simpson’s formula approximations of TKDE (STKDE). Each of these estima-
tors needs a pilot estimator. Starting with an ordinary kernel estimator f1> it is

possible to iterate and compute a sequence of estimates f2, f;: using each
estimate as a pilot estimator in the next step. The first main result is a formula
for the bias order. If the bandwidths used in different steps have a common
order h = h(n), the bias of f, is of order A% ™ k —=1,...,1. Here h™ is the
bias order of the ideal estimator (defined by using the unknown f as pilot).
The second main result is a recursive formula for the leading bias and stochas-
tic terms in an asymptotic expansion of the density estimates. If m < oo, it is
possible to make fz asymptotically equivalent to the ideal estimator.

Mathematics Subject Classifications (1991): 62G07, 62G20

1 Introduction

Given independent and identically distributed real valued random variables
Xi,...,X, with common distribution F, a well known estimator of the proba-
bility density function f = F’ at x is the kernel estimator (KDE)

1 x =X
)= — i
fitxsn) hlz 1K( h > ’

with K a non-negative, symmetric kernel function that integrates to one and
h1 the bandwidth. A disadvantage of f; is that the bandwidth %; does not
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adjust for location. For instance, it is advisable to use a smaller bandwidth at
locations where f has a spike, and a larger one at the tails of f. This can be
accomplished by letting the bandwidth depend on x and/or the data. A general
class of varying bandwidth estimators has the form

(x — X;)do(x, X35 hy)
I ’

n 1 no.
(L) i) = 3 Byl )K (

with h2 = (hlahz)»&z(va;hl) :PZ(X,Z;fl(';hl)) and ﬁz(va;hl) =
Qz(x,z;fl(-;hl)). Here P, and @, are functionals R x R x .# — IR, with
A an appropriate class of real valued functions on the real line. The ef-
fective bandwidth of fz is hy/da(x, X;; hy) for values of x close to X;. The
quantity d» thus measures how the bandwidth varies with location. The other
quantity ﬁz is usually close to d,, but it can also incorporate a multiplicative
correction factor. Examples of estimators within this class are certain versions
of nearest neighbour estimators (NN) (originally proposed by Loftsgaarden and
Quesenberry 1965) and the transformation kernel density estimator (TKDE)
(Ruppert and Cline 1994). These two estimators are usually not formulated as
in (1.1). We explain this point a little more in Appendix A. Other examples
are the Abramson estimator (Abramson 1982), M.C. Jones’ proposed variation
of the TKDE (JTKDE) (Hossjer and Ruppert 1993), Taylor series approxima-
tions of TKDE (TTKDE) (Héssjer and Ruppert 1994), a Simpson’s formula
approximation of the TKDE (STKDE), and the Jones—Linton—Nielsen estima-
tor (JLN) (Jones et al. 1995). See Table 1 for details. Strictly speaking, the
JTKDE and JLN estimators are based on multiplicative bias reduction methods
with effectively constant bandwidths, but they can nevertheless be put into the
general framework (1.1). The estimator of Breiman et al. (1977) also belongs
to this class. See also Jones (1990) for a comparison of different types of
varying bandwidth estimators.

Continuing as in (1.1), we may recursively compute estimates fz,..., f;
according to

(1.2)

. 1o, — X)X by

fiaby) = — 3 B XK ((x ) 06, X5 B 1)>, k=21,
nhy = hy

with by = (A1, ho, .. he), Ge(zhe—1) = Pe(x,z; fo_) and B(x,z;hy 1) =
Qk(x,z;fk_l). (Here fk_l means f;,_;(-,hx_1).) Notice that we allow different
functionals P; and QO at each iteration, and f , corresponds to P; =1 and

01 = 1. (For technical reasons, the exact definitions of fk, &z and ﬁ’k will be
changed slightly in Sect. 5.)
All the functionals considered in this paper have the form

q,
(13) Pu(x,z39) = 1};6 Pu(nz:9)(z —x)'

Ou(x,z3g) = égkz(x,z; )z —x)
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where Py(x,z;g) and Qu(x,z; g) depend on g,9V,...,g'"). Hence, P; and Oy

depend on the first g, derivatives of g. Observe that ¢; = 0 for all functionals
in Table 1 except the TTKDE.

Table 1. Examples of varying density functionals

Estimator P(x,z;g) O(x,z;9) s(k)

KDE 1 1 2

NN-type g(x) g(x) 2

Abramson g(z)1? g(z)'? 2k A4

TKDE =2 [ gvydv g(x) 2%

TTKDE “, ((z]::;))f D) g(x) 2k A (2[g/2]1+2)
STKDE Lo(x) + 2g((x +2)/2) + Lg(z) g(x) 2k N4

JTKDE e J 9(v)dv 1 2k

JLN 1 g(x)/g(z) 2k

The main result of this paper (Theorem 5.1) is an asymptotic expansion
(1.4) Ffols ) = £(x) + br(x; he) + Wi(x; by ) + remainders

where b; is the main bias term for the kth step and
1 n
(1.5) Wity = > (LG, Xis by ) — ELi(x, X3 hy )
i=1

the main stochastic term, and the remainders are asymptotically negligible.

Even though &, and Z; have been derived in various special cases (see the
references in Sect. 5), we give a general formula for computing these quanti-
ties. Previous results in the literature also require (P, Jr) to be the same for
all k, whereas we allow them to vary with k. The remainder term estimates
are derived in L?-norm uniformly over compact intervals. For the TKDE and
JTKDE functionals for instance, this generalizes pointwise results obtained in
Hossjer and Ruppert (1993, 1995).

We will refer to L; as the effective kernel of fk, since the stochastic part

of f, is essentially the same as for a kernel estimator with kernel Z;. Notice
however that Z; may depend on f, so the corresponding kernel estimator may
be ideal. Assuming that the bandwidths #,,...,4, used in the different steps are
of the same order % = h(n) and that f is sufficiently smooth, one consequence
of Theorem 5.1 is that by = O(A*®), where the numbers s(1),...,s(2) will
be defined in Sect.2 (see also Table 1 for examples) in terms of the ideal
estimators corresponding to f 2reees f ;- (The ideal estimator f }cd is defined by
replacing fk;l by f in the definitions of &; and ﬁk). This means that the bias

and variance of f, have the same order of magnitude as for a KDE with a
kernel of order s(k). In particular the choice A(n) = O(n~ /@Oy implies
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that the bias and stochastic parts have comparable size at the last iteration. As
a consequence, f, — f = op(n—S(f)/(ZS(t)H))

The local variation of f around x is crucial for determining b;(x;hy) (as
it is for ordinary kernel estimates). On the other hand, f can be considered
constant around x when we derive Lg(x,u;h;). This simplifies the form of
L; alot.

Within the framework of our theory, it is possible to prove that if f;d has

nonzero bias, then ft is asymptotically equivalent to f ;d, provided ¢ is chosen
large enough and that A, is of smaller order than 5,,...,A;_;. This is applicable
for the Abramson, TTKDE and STKDE functionals. The resulting estimators
have high rates of convergence and simple asymptotic mean squared error
(AMSE) formulas. For the Abramson functional, this answers affirmatively an
open problem; whether or not it is possible to construct an adaptive estimator
that is asymptotically equivalent to the ideal one.

We hasten to add that all results in this paper are asymptotic in na-
ture. Indeed, the work by Marron and Wand (1992) indicates that larger
sample sizes are needed for higher order methods before the asymptotic
expansions are valid. The finite sample behaviour of many estimators con-
sidered in this paper (as well as many others) are investigated by Jones and
Signorini (1996).

There is a technical problem with varying bandwidth estimators when &
depends on X; and becomes small in the tails of f. As a result, many terms
in (1.2) will contribute to fk(x), even when X; is far away from x. This can
be overcome by clipping or truncating & from below away from zero. In this
paper, the truncation is taken care of through Conditions (vii) and (viii) in
Sect. 5. In fact, we also truncate ﬁk from below in the same way as d, to
assure that fk has a small bias. A more detailed analysis of clipping is given
by Terrell and Scott (1992), Hall et al. {1995) and McKay (1995). Notice that
positivity of the estimators is guaranteed even without this truncation for all
the functionals in Table 1, as long as K is non-negative.

In Sect.2 we will define the ideal estimators and bias exponents s(k).
The recursive formulas for b, are defined in Sect.3, and the ones for L; in
Sect. 4. Regularity conditions and the main result are given in Sect. 5. In Sect. 6
we derive the form b; and L; for the examples listed in Table 1. The

case of different bandwidth orders and the asymptotic equivalence between f’,
and f,ld are discussed in Sect. 7. Finally, the proofs are gathered in the
appendices.

Throughout the paper C and ¢ will denote positive numbers whose value
may change from line to line. On the other hand, numbered constants like
Co,C1,C1, 81,8 are considered fixed. We denote the L ,-norm (E|X|?)V? by
|X]|z,, and the natural numbers as N = {0,1,2,...}. Let g be a real-valued

function defined on a subset of R?, and j = (j1,...,/,) € N7, P < pis
a multi-index. Partial derivatives of g are written as g¥(y) 1= Alilg(y)/(ovh),
where ¥ = (V15,0 il =j1 -+ +jy and y = y{" ---y;‘il. For T C R”?
we put [lgllr = supyey 9(¥)].
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2 Ideal estimator and bias order
In this section we assume that the density f € C*°(R) is bounded away from

zero in a neighbourhood of x. Given k € {2,...,¢} and functionals P; and Oy,
the ideal estimator corresponding to f, is

21) k) = L 3 Be(x XK (Q’“—_M) . k=2,....t,
nhy = 7

with

(22) a(x,2) = Pr(x,z; f)

Bi(x,2) = Okl(x,2; f) -
Standard arguments give!

(23) i ) = fid(es i) + W0 i) + 0,(nby)™V2)
with

i g N (x — 2)oy(x,2)
(24) [t ) = [ B 2)K (T) f(z)dz,

the non-stochastic (or biased) part of f,id,
. 1a . .
25) WElGes ) = 2 5% (L (e Xis ) — EL (6. X3 )
=

the main stochastic term, and

(26) LG ushe) = ﬂk(hfx)K ((x : uz):k(x’X)>

the effective kernel. Using a result of Hall (1990), f}4 has the formal Taylor
series expansion

@7 F8x ) = i’fo D GORL
=
with
(KD [ Brx,2) /()]
28) ) = (-1 JJ! [ olcckzcx,z)frl L:x ’

and p;(K) = [u/K(u)du. Assuming that K is an even function, symmetry
implies y;(x) = 0 for j odd. Consistency as A; — 0 requires

(29) J&) =m0(x) <= alx,x) = frlx,x).

! Actually, this requires that the clipping problem described in Sect. 1 is taken care of
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We define the order of (Pr, Ok) as
(2.10) m(k) = max{j > 0; j even, yy(x) =0 for any f} +2,

with m(k) = oo if y(x) = 0 for all even and positive j and m(k) =2 if the
set in (2.10) is empty. Notice that m(k) does not depend on x or f, since
we vary f over all C®°(IR)-functions with f(x) > 0 in (2.10). If we choose
another x we may translate the functions f correspondingly.

Even though m(k) was defined in terms of the ideal estimator f,id, it has
importance for the bias by of fk. We will prove in Theorem 5.1 (or, more

specifically, in Lemma B.6) that by = O(#*®), where % is the common order
of hy,..., h and {s(k)} are defined through

(2.11)  s(1)=2 and s(k)=mk)A(stk—1)+2), k=2,....¢t.

Let us now give a few examples with (P, (02) = (P, O;) = (P,Q), and (P, Q)
taken from Table 1. Let us write oy = o, Br = f, yi; = 5, m(k) = m. This
implies s(k) =2k A m.

Example 2.1. NN-type estimator: a(x,z) = f(x,z) = f(x), 7;(x) = (—=1)/p;(K)
FO@/, m=2, s(k)=2.

Example 2.2. Abramson estimator: a(x,z) = f(x,z) = f(z)V2, y;(x) = (=1)/
(KL @)D/, m = 4 and s(k) = 2k A 4.

Example 2.3. TKDE estimator: a(x,z) = (F(z) — F(x))/(z —x), B(x,z) = f(x),

[ b)) = f(x) [ K((F(2) — F(x))/h)) f(2) dz/hy = f(x) = 7;(x) =0 V) >
0, m = oco. This implies s(k) = 2k, as found by Ruppert and Cline (1994).

Example 2.4. TTKDE estimator: a(x,z) = ¥ §(z — x)/ fD(x)/(j + 1)}, B(x.2)
= f(x), 7x)=0 for j=1,...,¢ and 7ygu1(x)=(=1)/wK) [ D(x)/
(j' f(x)**1). Hence, m =2[q/2] +2 and s(k) = 2k A (2[g/2] + 2). Here [-]
denotes the integer part function and y;(x) is calculated using the fact that
7, kpE(x) = 0 for j > 0 and ar1kpE(x,2) is defined as a Taylor series expan-
sion (w.r.t. z) of argpe(x,z).

Exdmple 2.5. STKDE estimator: a(x,z) = f(x)/6 +2f((x +2)/2)/3 + f{(z)/6,
Bxz) = f(x), y(x) =0, j=1,23 and ys(x) = —ua(K) [P (x)/(247 f(x)"),
m =4 and s(k) =2k N 4. Notice that y;,...,y4 can easily be computed since
[oe(t, 2) 0NNy = [0, 2) g Jemr fOT j = 1,2,3.

Example 2.6. JTKDE estimator: afx,z) = (F(z) — F(x))/(f(x)(z — x)), B(x,2)
=1, y{(x)=0Vj >0, m=oco and s(k) =2k, as derived by Hossjer and
Ruppert (1993).

Example 2.7. JLN estimator: a(x,z) = 1, f(x,z) = f(x)/f(z), y;(x) = (-1)/
wi (K[! f(x)/dz/1,—/j! = 0 ¥j > 0, m = co and s(k) = 2k.
Notice also that we may change functionals (P, O ). If for instance (P, 07) =

Abramson functional and (P3, O3;) = TKDE functional we obtain s(1) =2,
5(2) =4 and s(3) = 6.



Varying bandwidth estimators 165
3 Recursive formulas for bias

We will now derive recursive formulas for the bias b;. We first specify the
asymptotic expansion (1.4) in more detail. Write

(3.1) Fuleh) = furo ) + WiGxs he) + ReCes i)

with f3; the non-stochastic (biased) part of fk and R; a stochastic remainder
term. The non-stochastic part is expanded as

(3.2) Jo(e ) = f0x) + be(xshy) 4 (o by )

with 7, a non-stochastic remainder term. We will give recursive formulas for
Jee and by, When k = 1, standard asymptotic theory for kernel density estimates
yields

(33) Soi(xshy) = [K(@)f(x + ) dv
bi(x; ) = $p(K) fP(x)hi

Assume next that we know the form of b;_; for some fixed k € {2,...,¢}. In
order to compute by, we first need to find the non-stochastic parts of d; and
fi. These are defined as

(3.4)
ape(xX,z; 1) = Pr(x,2; foh—1) 1= o(%,2) + boie(x, 2 Mg 1) + rope (3, 23 )
Bor(x,zs 1) = Oi(%, 23 for—1) 1= Pr(x,2) + bpe(x, zs 1) + rpe(x, 23 1)

with by and bg the main bias terms and r, and 7g non-stochastic remainders.
Since apr(x,z3he—1) = Pr(x,2; fpk—1) =~ Pr(x,2; f + br_1), and by_; is small
for large n, we will find b, through Taylor series expansion of the functional
g — Pr(x,z;g) around g = f. Similarly, bg is derived by Taylor expanding
g — Oi(x,z;g). We say that g — Pi(x,z; g) has Gateaux derivative dPy(x,z;g)
at g € 4 if for each n € A '

P . _ .
(35) llII(l) k(x,Z,g + 87’;) Pk(x,Z, g)
g—

= dPy(x,z;9)(n) ,

with # — dPy(x,z;g)(n) a linear functional. (We refer to Fernholz (1983) for
a discussion on Gateaux derivatives and related concepts.) Similarly, dQ; is
defined as the derivative of Q. Taking derivatives in (1.3), we obtain

(3.6) dPy(x,2: 9)(n) = lqgo P62 9)(n)(z —x)'

40,02 9)(n) = é‘;koz(X,Z; Dz —x) -
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Table 2 lists dP; and dQ for the functionals from Table 1. Taylor expansion
of P, and Q; now gives
(3.7) bo(x,z; by 1) = dPr(x,2; [ )(br—1)

bpi(x,z3he—1) = dQe(x, 25 f)(br—1)
with by = by(+;h;). Next, fp is computed recursively from oy, and S

(cf. (2.4))” 1 N
(G8)  fortrshe) = - BuCrzbi K ((" - Z)“b’;ix’z’ "“‘)) Fydz,

and by recursively from b, and by according to

(39) bi(x; hy) = B 0x; ) + b hy)

Table 2. Examples of functional derivatives

Estimator dP(x,z; g)(n) dO(x,z; 9)()
KDE 0 0
NN-type n(x) 7(x)
(z)
Abramson ﬁ%f #(ZZ)T/?
TKDE = [Cn(w)dv #(x)
z—x)  (j
TTKDE PORN (( j+);))! 1) n(x)
STKDE L)+ 3 +2)/2) + inlz)  n(x)
Jowa [Pawan
JTKDE g()jc)(z—x) - (zic—)c)g(x)2 FI(X) 0
JLN 0 ax) __ gxn(z)

9(2) 9z

where bl4(x; iy ) := ykis(k)(x)hf{(k) comes from the ideal estimator (cf. (2.8))
“and b2 is the adaptive correction term. It has the form (see Lemma B.6 for a
derivation)

(3.10)
p¥(; ) =0, s(k)=sk—1)

wa(K) [bﬁk(xazé hk_l)f(z>]<°’2> PEEIICS

ad/... —
by (b ) = 5 (5,2 P 5

z=X

_ ©0,2)
x I:bak(xazz hk—l)ﬁk(xaz)f(z)] h]l{’ S(k) — S(k _ 1) + 2.

Olk(x, 2)4 r=x

The ideal estimator corresponds to by = bg: =0, and hence fiu = f3¢ and

b = 0. Notice that the adaptive bias term vanishes when s(k) =s(k — 1)
and the ideal bias term vanishes when m(k) > s(k — 1) + 2. Equations (3.4)

2 The domain of integration in (3.8) is actually a subset of R to avoid tail effects (cf.
Lemma B.6.)
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and (3.8) together give f3 in terms of fp 1, and Egs. (3.7), (3.9) and (3.10)
by in terms of by_j. The recursive bias formulae will be exemplified in Sect. 6.

4 Recursive formula for the effective kernels

When computing the effective kemels L1,...,L;, we ignore the local variation
of f,op(+,-) and Pr(+,+) around x and (x,x) respectively. Asymptotically,
this variation is only of secondary importance, so simpler kernels can be ob-
tained by neglecting it. The cost of this simplification is larger remainder terms
(intuitively, we have no theoretical result comparing the remainder terms) and
some extra technicalities to define them. Let x' and u be numbers close to
x. Given x and hy, define (x',u) — Li(x’,u,x;hy) as the effective kernel we
obtain at x’ if f(-) is replaced by fi(-)= f(x), (-, ) by o;j(x,x) and
B+, ) by Bi(xx) for all j < k. The extra x-argument of L; indicates that
this replacement depends on x. In analogy with (1.5), put also

i} 1 _
(4.1) Wi, xhe) = " S (L X x ) — EL(x, X, x; by )y
i=1

After having computed L, we put

(4.2) Li(x,ushy) = Li(x,u, x5y )
For k =1, the local variation of f makes no difference, so we have
- 1 r_
43) L) = L wh) = —K (" - “) :
1 1

Suppose now that Z;_; has been computed for some k € {2,...,t}. In order
to find Z;, we need asymptotic expansions of d; and f,:

(44)  Gr(x,z3hp_1) = o,z he—1) + Wo(x, 2,05 1) + Roge(x, 23 by 1)

Bl zs 1) = B z3 he—1) + Wi, 2, x5 1) + Rpe(x, 25 e )
with Wy and Wy main stochastic terms, Ry and R stochastic remainders and
apr and Py the non-stochastic parts, defined in (3.4). Here W+, +x3he_1)
and W (-, -,x;hg_1) are computed by ignoring the local variation of f, «; and
B; (j £ k) around x. According to (3.1) we have dx(x,z; he—1) =~ Pr(x, 2] fr 11
+ Wieoa(-5hi—1)) = Pr(x,z; for—1 + Wie—1(+,x;h;—1)). The last approximation
follows, as we only consider W, restricted to a small neighbourhood of x.
Since W;_, is small and f} ;. close to f, for x’ around x and large n, we
define
(45) Waalx' sz, x50 1) = dPr(x', 23 f)(Wi—1( - 5 1))

Woe(x' .z, 1) = dOw(x', 25 fo) W1 (-, %, 1)),

Define then

(4.6) Loa(¥',2,u, 5, 1) = dPe(x, 23 fi )L (-, x5 1))
Lﬂk(xl>za i, X5 hk—l) = ko()C,,Z; f;C)(Lk—l( <, xhe_y )) .
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By the linearity of dP; and d(, it follows from (4.1),(4.5) and (4.6) that

- 12 - -
(47) VVOCk(xfsz9x; hk——l) = ; Z (Lack(xljza)(iax; hk—l) - ELOCk(xl9Z:)(5-x; hk—-l)) >
i=1

n

_ 1 _ -
War(x',z, x5 1) = p S Lp(x' 2, X, xM—1) — ELgr(x, 2, X, 35 1))

i=1

Here Ly and Lg can be interpreted as the effective kernels corresponding
to dy and ﬁk. Observe that the expansions for Wy and W_igk in (4.7) are analo-
gous to the expansion (4.1) for W,.

Table 3 displays functional derivatives when the local variation of g around

x is ignored (gx = g(x)). We will show (Lemma B.5) that Ly can be computed
from L, and Lg according to

(4.8) L_k(x',u,x; ) = OCk(X,X)K ((x’ — u)ock(x,x))

hy hy

+ J&x) [ Log(x',z,u,; 1)K (MM) dz
hy hy

+ -{(—Q fL_ﬁk(x’,z, u,xh K <(XI_—ZM9C—’——)—C—)> dz
k;c hk

: 2
= L_}cd(x', wx; b))+ > l-,zd’v(x’, u,x;hy),
v=1
for k =2,...,t and K(v) = vK'(v). Equations (4.6) and (4.8) together give L;
in terms of L;_;. This recursive scheme will be exemplified in Sect. 6. We
see that [; can be decomposed into an ideal and adaptive part, the first term
in (4.8) representing the ideal part, and the last two the adaptive part. Notice
that the ideal part here agrees with Lid in Sect.2 (when x’ = x) because of
(2.9). The adaptive part is derived from U-statistics theory. The reason is that
when (4.4) and (4.7) are inserted into (1.2), we obtain double sums after
linearization.

Table 3. Examples of functional derivatives, local variation of g ignored

Estimator dP(x',z; g X(n) 40",z g:)()
KDE 0 0
NN-type n(x") ")

- @)
Abramson 2;(1)()1/2 Z.q?xZ)‘/2
TKDE = [on@)d n(x')

AV -

TTKDE 1SR n(x')
STKDE e+ (& +2)/2) + Lnlz) n(x")
JTKDE ooy 0

9E—x) ~ 9®)

1) _ n(z)
JLN 0 9@ gt
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5 Regularity conditions and main results

Before giving the main result (Theorem 5.1), we state a number of regularity
conditions.

(i) The bandwidths #; = Ay(n),...,h; = h(n) are all of the same order as
n — 00, i.e. for some 0 < Cy < 1 and sequence iz = h(n), Cy £ Iy/h < CO_1
forall wand £ =1,...,¢

(ii) There exists a & > 0 such that hn® — 0 and hn'~% — oo as n — co.

(iii) The bias exponents defined in (2.11) satisfy s(1) < s2) < -+ < s(2).

(iv) Let Q = [w;, ;] be a closed interval and put Q° = [w; — ,w, + ).
Then, for some 89 > 0, ||/]5 < 00 for j=0,1,....s(t)+ 1+ ¢, q
and inf sy f(x)= f > 0.

(v) The kernel K is non-negative, symmetric and supported on [—Ci, (1]
for some 0 < C; < oo. In addition, yup(K) =1 and K has GA2+ X {_, q)
bounded derivatives. .

(vi) P$(x,z;9) and Q% (x,z;g) depend only on g,...,g%* restricted to
[x,z], 2 £ k £ t. In particular, Pro(x,x; g) = Up(g(x)) for some U : R — R.
The function Uy is strictly positive and non-decreasing on the positive real line.
This implies miny <<, infxeszéo o, x) = ming <z <, Up( f) = > 0.

(Vll) OCAk(X,Z; hk—l) = Pk(xaz;fk—l) and ﬁk(x’z; hk—l) = Qk(xzz;fk—l)
where f,_; = £o fk_l. The function ¢ : [0,00) — [0,00) is non-decreasing,
£(0): =&y > 0 and &(v) =v for v = &, with & < ¢ < f. Finally, & has
¥ %—» qr bounded derivatives.

(viil) (e he) = 3 7 B0 X5 by - DK ((x — X3)de(x, X35 by )/ i )/ (e ),
where &, = y o d; and Bk = y o f,. The function y : [0,00) — [0,00) is non-
decreasing, x(0) 1= xo > 0 and y(v) =v for v = y;, with yo < 31 < a. Fi-
nally, y has Y 7_, g; bounded derivatives.

(ix) Pr(x,x;9) = Qi(x,x;9), and hence dPy(x,x;9)(n) = dQi(x,x;9)(n) as
soon as the derivative exists. :

(x) Suppose g: R x© — R for some © CR”, and put hy(x,z;0)
=Pu(x,z;9(+;0)). Let ECR? and P(E)CIR be defined by P(Z)
= U(sz)ea[x,z]. Then, if g is bounded from below away from zero on
P(E) x 6,

i,j,d
(5.1) 1757V zxe < € 3 9™ lneyxe »

{vu} &

for some finite constant C, where the sum ranges over all finite sequences {v,},
of vectors v, = (vu1,V2) € N7H with 3 Vi =1+i+jand X v, =d; and
at most one v, = 0. The constant C may depend on the lower bound of g as
well as the functional Py. Formula (5.1) is also true if Py is replaced by Qy
in the definition of /.

According to (i), all bandwidths have to be of the same order. This condition
is somewhat restrictive, but it will be relaxed in Sect. 7.

We require K to have compact support in (v). This could be weakened
to exponentially decaying tails (e.g. Gaussian or logistic K), by approximating
such a kernel with a smoothly truncated kernel having compact support.
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Condition (vi) can be verified for each of the functionals in Table 1.
For instance, the Abramson functional has Up(y) = y'/? and Pl(ci’j Nx,z,9) =
O (x,2,9) = d/g"*(z)/dz/, which only depends on g(2),...,¢)(z).

The definitions of &; and ﬁk in (vii), and of fk in (viii), differ from the ones
given in Sect. 1, since ﬁc_l is truncated from below by &(-) and d; and ﬁk
from below by y(-). The first truncation is done to avoid derivatives of terms
like P,((l;j )(x,z; fk_l) becoming too large. The truncation of &; guarantees that
only X; close to x contribute to fk(x;hk). (Actually, for the Abramson, TKDE
and NN-functionals in Table 1, a truncation of f, 4 from below automatically

gives a truncation of & and ,[?k from below.)
Notice that (ix) implies (2.9), and also

(5.2) ot (6, X5 1) = B, x5 1) -

Whereas (2.9) is necessary for consistency of fk, (5.2) is a higher order ana-
logue which guarantees that b;d in (3.10) is of smaller order than b1, b, and
bg (this will be seen in Lemma B.6).

Condition (x) can be viewed as a kind of product-rule of differentiation for
Py, and Qy. It gives smoothness conditions on P,(;’j’d) and Q,(;’j ’d), in particular
how these functions depend on g0"v¥2), vy < [+4i+j, |v2| < |d|, restricted to
the set P(E) x ©. If © is a single point, E = {(x,z)} and P(E) = [x,2], (x)
states that P,(c';j )(x,z; g) and Q,S’j )(x,z; g) only depend on g and its partial deriva-
tives up to order / + i+ j restricted to the interval [x,z]. Some consequences
of (x), important in the proofs, are given in Appendix D.

Theorem 5.1 Assume (1)—(x). Then, for k = 1,...,t,

(53)  filwhy) = £ + be(x; ) + Wil ) + G he) + RiGes g )

with by,...,b; defined recursively in (3.3),(3.7),(3.9) and (3.10), Wy defined
in (1.5) and Ly,...,L; defined recursively in (4.2),(4.6) and (4.8). Finally, r;
and Ry are remainder terms, defined in (3.2) and (3.1) respectively, with

(54) sup [re(x; b )| = o(°®))
xeN
and
(5.5) sup |Re(; p)||| = O((mh)™n™%) Wp >0
xef) e

Jfor some & > 0.

Remark. 5.1. We may also allow stochastic bandwidths ﬁl,...,ﬁt. Typi-

cally, % is then an estimator of %, with 4; chosen optimally according to some
risk criterion. In such cases, %, depends on f and has to be estimated. It is
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possible to extend Theorem 5.1 to this case, using techniques of Hall and
Marron (1988). Since this would include extra technicalities we have not in-
cluded these calculations in the paper.

Remark. 5.2. The requirement of s(¢) + 1 + X | _, gz derivatives in (iv) can be
lowered to s(¢) + &+ X |,_, gx derivatives for any & > 0, provided we sharpen
(x) to hold also for derivatives of non-integral order. In the proof of Theo-
rem 5.1 in the appendix, we just change J; + 1 in (B.11) and (B.15) to J; + ¢
and Jo —gr + 1 in (B.8) to Jp — qr + &

6 Examples of bias and effective kernels

Assume Pp=---=P;=P and Q; = = @, = Q throughout this section,
with P and Q taken from Table 1. We also write o =, fr =P, v =
v, m(k)y=m, qr =g for k € {2,...,t}, and we put Ky(v) = K(v/h)/h. To
simplify notation, we will omit h; as argument and also x for the effective
kemels, so bi(x;hy) = bp(x), Lou(x’,z,u,x;h_1) = Ly (x’,z,u) and so on. All
the effective kernels we study have the form

(6.1) L uyx; ) = Ko(x) — ),
Ly(x,ushe) = Kp(x — u)
where K; may depend on x, but this will not be made explicit in the notation.

Notice that K; = Kj,. To simplify the exposition, we have provided K, for all
estimators in Table 4.

Table 4. Effective kernel K, after first iteration, with K(v) = 0K’'(v) + K(v) and K(v) =
K’ (v)

Estimator K,

KDE K,

NN-type Kot

Abramson K15tz + Kay * K],z/f(x)l/z/z

TKDE Ky + Kiyj 1) = Ky * K1)

TTKDE Kiyirey = X -y m(BEK D Y B /(11 f (x)' 1))

STKDE Ky £y + 5K, /6 + 2Ky % Koy 100/3 + Ky # Ky /6
JTKDE K, + Kiy — Ky, * Ky

JLN Ky, + Ky — Kpy * Kp,

Example 6.1. NN-type: Example 2.1 and Egs. (3.9) and (3.10) give bi(x) =
w(K)fPn2/2f(x)?) for k=2 By (4.6), Lu(x',zu) —Ll;k(x zZ,u)
= Ki_1(x' — u), so (4.8) implies K, =K, /fx) for k = 2.

Example 6.2. Abramson: by (x,z) = bgi(x,z) = br_1(2)/(2f(2)/?), so the
adaptive bias term becomes b24(x) = —up(K)[bg—1(x)/ f(x)]®h2/2. Combining
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this with Example 2.2 we obtain by(x) = ua(K)[1//(x)]®h3/24 — up(K PSP
@)/ @I PRR/4 and be(x) = (K1) () PH2/24 for & > 3. For the ef-
fective kernels we have Ly (x',z Ju) = Lon(x,z,u) = Ky i(z — w)/2F (),
s0 (4.8) gives K = K, rroon +th/f(x)1/2 x Ky_1/2, with K(v) = vK'(v) +
K(v), Ku(v)=K(v/h)/h, and * denotes convolution. In particular, Kj
= Ky + K+ Ky pyn/2 and Ka = Ky e + Koy Ky eye/2
Ky Ky * Koy /4

Example 6.3. TKDE: bu(x,z) = [ b1(v)dv/(z — x), bpge(x,2) = br—1(x).
We have m =o00, so the leading bias term reduces to bp(x)=
B(x) = =3a(K) [ () bar(x2) (&), 2) L2 12 = —pa(BOIB () f )
= 3f OB G F O + G OEP ) — O Ybrmr () 12 =

Brrpe(br—1 )(x)A2, with b — Brxpr(b) a differential operator. Equation (4.6)
gives Lyp(x',z,u)= [, K_1(v —u)dv/(z — x') and Lop(x',z,u) =Ky (x' — u),
which implies, using (4.8) and integration by parts, Ky :th/f(x)—i—[zk,l
— Kp_1 * th/f(x)- This yields for instance Ky = Kh1 + Khz/f(x) — Khl * Khz/f(x)-
The formulas for b; and L, were derived by Hossjer and Ruppert (1995).

Example 6.4. TTKDE: by (x,2) = = _ b (x)(z — x)!/(I + 1)! and bg(x,2) =
by_1(x). Since f§ and by are the same as for the TKDE-functional, and o and
by are Taylor expansions of the corresponding TKDE-quantities, if follows
that 52(x) is the same as for TKDE when g = 2. Combining this with y;
in Example 2.4, we obtain, when g = 3, bo(x) = pa(K)f D (x)A3/(241(x)*) +
by, 1xpE(x) and bk(x) ,L¢4(K)f(4)(x)h4/(24f(x)4) for £ = 3. When g =5 we
have b(x) = by xpE(x), b3(x) = ue(K) f O (x)h/(720 £ (x)%) + b3 7xpE(x) and
bi(x) = ug(K)fOx)h/(720f(x)®) for k = 4. The effective kernels take the
form  Lu(W,zu) =5 RO (¢ —u)z ~2Y)(I+1)  and  Ly(x,zu)
= Ri1(x' — u), which implies K¢ = Ky = = 1, w(BORD LIS (e)).
For instance, Ky = Kpy/ ey — & foy ti(E)K Y /(11 f (x)'hY). Values of by
and K, were given by Hossjer and Ruppert (1994).

Example 6.5. STKDE: Notice that the first three partial derivatives of o, f,
by and by w.rt. z are the same as for the TKDE-functional. In combination
with Example 2.5 this gives by = —ug(K) D)t /(24% £ (x)*) + Breoe(be—1)
(x)h2. For the effective kernels we obtain Lo z,u) = Kp_y(x" — u)/6 +
2K (' +2)/2 — u)/3 + Ky 1(z — u)/6 and Lgi(x',z,u) = Kp—1(x' — u). In-
sertion into (4.8) implies Iek = th/f(x) + Skk_1/6 + 2]21{_1 * th/(Zf(x))/?’
+ Ky # Ky /6.

Example 6.6. JTKDE: by (x,z) = fxz br_1(v)dv/((z — x) f(x)) — x, 2)br—1(x)/
F(x)?, bpr(x,z) = 0. Since m = 00, bp(x) = bad(x) = =3 (K)bau(x,2) f(2)/
a(x, 2 1EPR /2 = f(xVBxor(be-1)(x) := Byrkoe(bi—1)(x). For the stochas-
tic part, Lu(x',z)= [} K i(v—w)dv/((z — x') [(x)) = Kp1(x' = w)/f(x)
and Lg;((x z) = 0. This implies K, = Ky, + K — K, * K;_1. In particular,
Kz = Khl +Kh2 - Kh1 >$<Kh2 and K3 = Kh1 +K112 +Kh3 “Khl *Kh2 — K, >1<K'h3
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—Kp, * Ky, + K, * Kiy * K, These formulas for b and K, were obtained
by Hossjer and Ruppert (1993).

Example 6.7. JLN: by(x,z) =0, bg(x,2) = bp_1(x)/f(z) — f(x)bi_1(z)/
f@@)?. Since m = 00,bx(x) = Bl(x) = —p(K) f(x)[br—1(x)/f ()P h}/2 =
Bux(be—1)(x)H}, for instance by(x) = —pa(K )2 f(x) /P x)/f ()] PhIH3/4.
The effective kemels satisfy L(x',z,u) =0 and Lﬁk(x z,u) = (Ki_1(x' — u)
— Ki_1(z — u))/f(x), which implies Ky = Ky, +Kpo1 — Ky, * K;_q, the same
formula as for the JTKDE, so 1_52 and K3 have the same form as in Example

6.6. The formulas for b, and K; when A&, = A, were derived by Jones et al.
(1995).

Remark. 6.1. If m < oo, then s(k) = 2k A'm, as noted in Sect.2. Hence, the
bias order agrees with the one for the ideal estimator (i.e. s(k) =m) when
k = m/2. In addition, b; is exactly the same as for the ideal estimator when
k=zm/2+1.

Remark. 6.2. 1t follows by induction w.r.t. & that supp(Li(x, - ;h¢)) is C1(h +
> f:z hj/o;(x,x)), with C; defined in (v). This indicates the varying bandwidth

structure of fk.

Remark. 6.3. If m = oo, it follows that b4 =0 in (3.9). Combining (3.7)

and (3.10) then gives bi( - ) = Bi(bx—1)( - )2, where the differential operator
b — By(b) is defined by

:UZ(K) [ko(X,Z;f)(b)f(z)} (0,2)

Bi(b)(x) =

Pk(xaz; f)3 z=x
 3m(K) {dmx,z; Bz )1 (2)]
2 Pk(xaz; f)4 z=x '

Notice that By only depends on f and (P, Ox). In Examples 6.4,6.6 and 6.7
it reduces to Brkpe, Brrkpe and By, respectively.

7 Different bandwidth orders

So far, we have assumed that all bandwidths are of the same order in (i). We
now change this condition to

(ia) The bandwidths 4;,...,h,_; are all of the same order as n — oo, i.e. for
some 0 < Cy £ 1 and sequence k& = A(n), Cy < /b = CO"1 for all » and
k=1,...,t— 1.

(ib) For some & > 0, h;/h = O(n™%2).

(ic) The bias exponent in Step ¢ — 1 satisfies s(t — 1) = m(¢).

(id) m(t) = 4 and h, > pOfm0=2)

Condition (ib) states that 4, is of a smaller order than 4,,...,4,;, but not too
much smaller, according to (id). Notice that (ic) implies

t
RO
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since s(1) =2 and s(k) < s(k — 1)+ 2. Another consequence of (ic) is s(z) =
s(t — 1), which implies _
b(x;h,) = b(x; 1),

because of (3.10). Define also

12
(7.1) Wi h) = — 3 (L0o Xis ) — BLE (v, X hy))
i=1

where L?d(x, wh)=x2 1L_ﬁld’v(x, u,x;hy) (cf. (4.8)). We then have the follow-

Y=

ing variant of Theorem 5.1.

Theorem 7.1 Assume (ia)—(id) and (ii)—(x). Then
Fioshy) = fx) + bG b)) + W he) + ro(s ) + Ro(s by

with b, W4 and r; defined in (3.9),(2.5) and (3.2), respectively, and R, =
R; + W2, Moreover,

(7.2) sup |r,(x; hy)| = o(A™ ),
xEQ
and for some ¢ > 0

= O((nh)™V’n™%) ¥p > 0.
LP

(73)

sup [R;(x; by)|
xeQ

Example 7.1. Abramson estimator. Put ¢ = 3, (P3,J3) = Abramson functional
and (P,,(,) any functional with m(2) = 4. Then (ib) and (id) reduce to #* <
hs < h (where the last relation is sharpened by the factor n=*). We have
B(x; hy) = (K[ /() @Re/24 and LG, u;hs) = K a8 — ).

Example 7.2. TTKDE with g 2 2. The same assumptions as in Example
7.1, but with (P3,03) = TTKDE functional. Then 5'¢(x; k3) = pa(K) f®(x)h3/
(41 (x)*y and L5 (x, 13 h3) = Kpy/ (% — 1.

Example 7.3. STKDE. The same assumptions as in Example 7.1, but with
(P3,03) = STKDE functional. Then bi3(x; h3) = —pa(K) S @ (x)h3/(24% f(x)*)
and Li(x, u; i3 ) = Ky rony(x — u0).

Examples 7.2 and 7.3 represent varying bandwidth estimators with simple
asymptotic mean squared error (AMSE). This makes it possible to develop
automatic bandwidth selectors for these estimators based on so called plug-in
rules.

Remark. 7.1. The result of Theorem 7.1 is surprising: It is always possible to
construct an adaptive estimator that is asymptotically equivalent to the ideal
one if m(t) < co. The basic trick is to. let the bandwidth Ay,...,5,_; be of
larger order than A,, and compensate this by choosing a larger ¢. This means
that we should avoid irregularities (large variances) for the preliminary estima-
tors f,,...,/,_;» since these irregularities will otherwise be transferred to later
iterations. Even though this causes a larger bias in each step, we can iterate
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more times instead. We conjecture that (ia) can be weakened, for instance
so that hy; > by > .-+ >> Ay, and still have asymptotic equivalence with the
ideal estimators. In this way we allow more irregularities/smaller bandwidth for
each iteration. We imposed (ia) in order to utilize the proof of Theorem 5.1 as
much as possible in Theorem 7.1 (since everything is the same until the last
iteration).

Remark. 7.2. We may also assume #hy,...,5 1 < h. Formulas (3.9)
and (3.10) then imply b, ~ b\, and this can be achieved already for ¢ =
m(t)/2. We conjecture W;(x;h,) = Op((n min(hy, ...,k ))""?) in general, which
is of a larger order of magnitude than W(x;%,) = O,((nh,)~'/?). This is
the case for the TKDE, TTKDE (q = 1), JTKDE and the JLN estimator.
However, for the Abramson estimator we may actually sharpen this to #, =
Oy((nh;)~12), even though hy,..., k.1 < h,. The reason is that Kiys Ky, o2
s Ky pe2s K ppaaias o ’Kh,_l/f()r)l/z only appear in convolutions with ei-
ther Ky, or K}, ry12- This explains why Hall and Marron (1988) could choose
hy of smaller order than A, for the Abramson estimator, and obtain an estima-
tor f, with the same leading bias, and a variance of the same order as for the
1deal estimator f i, Hall and Marron prove that Var( fz) ~ C Var( f iy for some

constant C > 1, so this adaptive estimator has efficiency strictly less than one
compared to the ideal estimator.

8 Outlook

By Aputting p=2in (5.5), we may easily compute the leading terms of both
E(fi(x) — f(x))* (AMSE) and [, E(f,(x) — f(x))’ dx (AIMSE).

The representation in Theorems 5.1 and 7.1 can also be derived for weakly
dependent data (under the appropriate regularity conditions). Technically, we
just have to replace Rosentahl’s inequality for martingale differences in the
proof with the corresponding inequality for mixingales.

The varying location estimator of Samiuddin and El-Sayyad (1990) and
the varying location and scale estimator of Jones et al. (1994) are not included
in the class (1.2). An interesting research topic would be to derive recursive
formulas for s(k), by and L, for a larger class of estimators including these two
examples. Indeed, McKay (1993) has obtained a bias formula (generalizing the
one in Hall (1990)) for such a class of estimators.

Appendix A

Properties of TKDE and NN estimators

The TKDE is usually calculated in several steps. Let us illustrate this for
= 2. Define F((x; 1) = ffoofl(u; h1)du as the c.d.f. computed from the pilot
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estimate. Transform the data into ¥; = £ 1(X;; #1) and compute

fyi) = —=$°K <yh Y’>,
2

=1

as an estimate of the transformed density. Since F) is a monotone function,
we may transform back f, to obtain

foGe o) = B G 1) fy (Fi (s s o)

as an estimate of f(x). If the last two displays are combined we have

Fi(xh) — Fy (X )
ho ’

fl(x kl)

> K

i=]

Folrshy) =

which coincides with (1.1), if we take P, and O, as the TKDE-functionals in
Table 1.
The NN-estimator is defined as

I
fux) = ()’

where dj(x) is the distance from x to the /th nearest of X;,...,X,. Here [ = I(n)
is a sequence of numbers. If now X is the uniform kernel supported on [—1,1]
and Ay = {/(2n) we have

X - 1 n x—-X fN(x) m;@
(A1) fylx)= ndl(x)l;K<dl(x)) nhy lzle( ) h2 ) |

Thus f, w(x) can be formulated as a varying bandwidth estimator with itself as
pilot estimate. If we choose 7 | as a pilot instead of fj in the RHS of (A.1),
we obtain a special case of (1.1), with Pa(x,z; 1) = Qa(x,z; f1) = f1(x).

Appendix B
Proof of Theorem 5.1

Theorem 5.1 will be proved by induction w.rt. k, £ = 1,...,¢. Before proving

the theorem in a series of lemmas, let us introduce some notation. Put C, =

C1/(Coxo), with Cy and yo as defined in (v) and (viii). Then [x —X;| = G2
implies

|x — Xi|x(GCr, Xishe—1)) o Cahxo

hie - Glh

=(Cy,

and hence

(B.1) K ( X_X"'X(“’;(X’X"h"“))) —0 when [x—X;| = Gk
%
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Choose numbers 0 < 6, < --- < d; < Op. The behaviour of fk will be studied
on %, We will assume that 7 is so large (% so small) that

(B.2) op +Coh < Op1, k=1,...,t.

By (B.1), this means that for x € Q% and X; ¢ Q%-1, the corresponding term
in (viii) does not contribute to f,(x; ht).
Put

(B.3) Cr=(k-1)C+C Gy, k=1,...,t.

Then
(B4) ) )
Li(x', <, x;hy) is supported on [x' — Cph,x’ + Cih] for any x', x € Q% .

and

(B.5)  Lu(x',z +,x; 1) and Ly (x,z, -, x;hy_y) are supported on

' — Cih,x' + Cih] for any x, x' € Q%, |z —x'| £ Coh.
Notice that Li(x,u,x;hy ) = K((x' — u)/h1)/hy, which is zero for |x' —u| <
Cih £ Cih, because of (i). The rest follows by induction w.rt. k, mak-
ing use of (4.6) and (4.8), noticing that ox(x;x) > yo in (4.8) and fi-
nally, observing that Ly (x',z,u,x;hx_1) (and Lge(x,z,u,x;he_1)) only depend

on Ly_(+,ux;h;_1) restricted to [x/,z] (this_follows from (vi)). In addition
to (B.2), assume that » is so large that d; + C14 < &;. Then

(B.6) S+ Cih < 8y, k=1,...,t.

This implies that only those data with X; € Q% contribute to W (x; h) in (L.5)
for x € Q%.
Define the regions

A ={(xz); x € O, lz —x| £ Gh},

A = {0, ux); X', x € Q% Ju—x'| < Ciph},

A = {(x,z,u,x); %', x € Q% lz—x'| £ Gh, [u—x'| £ Cih},
Ap = {Gru); x € %, |u—x| < Ciell},

consisting of the relevant values of x,x’,z and u at each iteration. Introduce
also

(B.7) Jo=st)—s®)+ 3 qr,
I=k+1
Te=st)—stk—1)+ Y a1,
I=k+1
jk: Z qr .

I=k+1
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Theorem 5.1 will be proved by establishing the following 9 conditions recur-
sively w.r.t. k:

(B.8) " |, and 8BS la, =0O(1), 0<i+j<SJo—qi+1,
(B.9) 1587 ]1a, and [5G ]ls, = OFED), 0 <i+j < T,
(B.10) 7% Na, and i I, = o E D), 0 < i) < T,

=(1,0,0,d) 7(1,0,0,d)

B.A1) (L "Iz, and Ly Nz, =00, 0 <itd T+,

®B.12) || IR, — O((nh) ™ Ph i,

" and H HR%,ZHA;(

Le

0<i<Jiand any p >0,

(B.13) 1B s = OH®), 0 <i < U,

(B.14) IrOllgs, =oF®), 0 =i Ui,

(B.15) IOl 5, = 0™, 0 =i+d S Ti+1,
(B.16) 18 s |, = OtCamy 1m0,

0f£is<Jyandanyp > 0.
We also require bg;cj ), bg‘,’(j ),r;l};j ) and r;;',;j ) to be continuous over Ay if i + j= Ji
in (B.9) and (B.10). Likewise, 5% and r'’*’ in (B.13) and (B.14) are required
to be continuous over (%,
Schematically, the proof looks like that shown in Fig. 1.
Lemma B.1 Equations (B.13)—(B.16) hold for k = 1.

Proof. Recall formulas (3.3) and (4.3) for b1 and Ly. Moreover, (3.2) and (3.8)
imply 710 ) = [ K(O(F @+ th) = f(x) ~ fO)h — fO)hi/2) dt.
Finally, Ry(x; 1) =0, Ji =s(t) =2+ ¢, qx and Jy = 4 _, q¢. The lemma
follows from (iv) and (v). O

Lemma B.2 Suppose f . has the asymptotic representation (3.1), with by, ry,
Iy and Ry satisfying (B.13)—(B.16) and 1 < k < 1 — 1. Then &(f,) has the
same expansion

BIT) & fsh)) = frluhe) = fulshe) + Wil he) + Re(rshy)
with Ry satisfying (B.16).

Proof. Put Ri(x;hy) = é(fk(x;hk)) — fi(x;he). Tt suffices to prove that Ry
satisfies (B.16), since R, = Ry + R;. Write f,(x;he) = fur( ) + Va(xs ),
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Lemma B.1 LemmaB.2 Lemma B.3 Lemma B.4
5 y +1 nma & >
k=17 6 N e T mag B A e RO A

Lemma B.5-6
Ji

Fig. 1.
with V;, = W) + Ry the stochastic part. We will establish below that

(B.18) H||W,§")||Qak S Cluh)y ™

for 0 £i <.J, any ¢ > 0 and any p > 0 (and ¢ is independent of p). By

expanding derivatives of f + (-3 hy), it follows from (i1), (B.13), (B.14), (B.16),
(B.18) and the smoothness of ¢ (cf. (vii)) that

<Ccht,

(1)
185, <

for 0 < i £ J;, provided ¢ in (B.18) is chosen small enough compared to
& in (11) By (vii), S)=v forv =2 ¢ and & < f. Put {=(f—¢&)/2. It
follows from (i), (iv), (B.13) and (B.14) that inf__,5, fer(x; hy) > S for
n large enough. Hence,

Vel o)l < (= E(fhe)) = filoh) .

By choosing p large enough and using Markov’s inequality, it follows from
(i1), (B.16) and (B.18) with i = 0 that

P([Villgse > 0) £ CLTP(nh)™PPn®P < C({y)n™

for any y > 0, provided p is first chosen large enough and ¢ then small enough.
Let 4 be the set {||V;|lo5, > (}. Then, by Cauchy—Schwartz inequality,

Il

®B19) I8 o |,

(18,

lIA

||Q5k 120 ||1AHL2P

< Ch7in77CP) = O((nh) P~ 'n™%)

for 0 <i £ J; and any £ > 0. The last line holds provided we choose y
large enough given p and e. It remains to establish (B.18), and it suffices
to consider the case p = 2. The technique, based on Rosentahl’s moment in-
equality for sums of martingale differences, is taken from Hall and Marron
(1988). Rosentahl’s inequality states: If Z1,...,Z, are zero mean martingale
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differences (which means E(Z; | Z;,...,Z;—1) = 0) and p = 2, then
p

b2
E < C(p) {ZIE@})} +21E12,~!ﬁ ,
J= 7=

2.7
j=1

where C(p) does not depend on n. By (4.2), (B.4) and (B.15),

(B20)  Ly(x, - ;hy) is supported on[x — Ciph,x + Ch] for anyx € Q% ,
and

(B.21) LN 5, = Oy for 0 i < T +1.

Recalling (1.5), we will use Z;=(L(x,X;;hy) — ELO(x,X; h))/n in Rosen-
tahl’s inequality, with i < J;. By (B.20) and {B.21),
E|Zj[’3 < Cp P+ ,—5

holds uniformly for all x € Q%. Let now I' be a equispaced finite grid in Q%
with |T'| = O(n*) elements and put & = (nh)~V2hn’p, where ¢ is the same
number as in (B.18) and p > 0. Then

PP Ir > &) = ) WO ) |2,677 < [T sup W s b)) 2,672
xEe X

A

Cll‘\!{(h—Z(l+i)+In—l)ﬁ/2 + h—ﬁ(1+i)+1n—ﬁ+l}é—ﬁ
< CITn2Pp=P .

Given ¢, choose first s and then j > s/e. Since i < Jy, (B.21) implies that

L,(f) (and hence also W,Ei)) is Lipschitz continuous w.r.t. x. If s is chosen large
enough we therefore have

PN s, > (nh)y™Ph™'nfp) < Cp?
which implies (B.20) for any p < p. O

Lemma B.3 Suppose 2 < k £ ¢, that 7 «_1 has the asymplotic expansion
(B.17), and that (B.13)—(B.16) hold (for k — 1, with Ry, in place of Ry_,
in (B.16)). Then d; and ﬁk, defined in (viii), have the asymptotic expansions
(3.4),(4.4), with (B.8)—(B.12) being satisfied.

Proof. We concentrate on 6, since the treatment of B ;. is completely analogous.

We start by proving (B.8). Write a(x,z) = ¥ % ou(x,z)(z — x)!, with
oz (x,2) = Pr(x,z; ). Clearly, it suffices to prove Hocg;j )|| 5&/( = 0(1), for 0 <
i+j £.Jy—qp+ 1. But this follows from (D.1), with g = f and E = A;.
Notice that P(Z) C Q%-1 because of (B.2), and /+i+j < Jp+ 1. Hence,
because of (iv), [|g*|lpE) = O(1) for 0 < v < [+i+ ).

In order to prove (B.9), write bu(x,z;hp—1) = 5 % bua(x,z; ey )z —
x), with bo(x,z3he—1) = dPu(x,z; £ )br—1). Apply (D.2) with go = f, 7=
Bre1(+ i), = A, and P(E) C Q%-1, Notice that {|g"|lsz) = O(1) and



Varying bandwidth estimators 181

17|p) = O*D) for 0 < v < I+i+j, because of (iv) and (B.13),

since [ +i+j <J+q =1
To establish (B.11), write

. T
(B22) Lotk(xlaza u:vx; hk—l) = Z Lockl(xl’za uaX; hk_l)(Z - x,)l £l
=0

with L_akl(x’,z,u,x_;hk_l):del(x’,z;fx)(L_k_l(-,u,x;hk_l)). It suffices to
prove

B.23 LEXOD) - — o)) 0 <itd < T 41,
ki Ay

Then (B.11) will follow by applying the product-rule of differentiation on
each term of (B.22), using the fact that |z —x'| £ Ch for any element
of 1~\k. To prove (B.23), apply (D.5), with 6, =x, g(-,x) = fi(+), 2=
(u:x)a ’7( " ,(u,x)) = Lk—]( v, Uy X5 hk~1)9 == Aka 6lx'z = Qék and elx’z =
[x' — Cih,x' + Cih] x Q% Define ¥, Y; and Y, as in (D.5). Then (iv)
implies [|g"*2|jy, = O(1) for 0 < v + vy < Jp + 1+ 1. Observe next that
T, = Ays. Therefore, (B.15) (with k£ — 1 instead of k) implies ||11(V1»(0,Vz))||T2 —
O(h~U+)), whenever 0 < v; +vo < Ji_1 + 1. Here (0,v,) indicates differen-
tiation w.r.t. 8. The last two estimates can now be plugged into (D.5). Then
(B.23) follows, since J; + I < J4_; and Loyy(x', z, u,x; 1) = h(¥', 2, x, (u, %)),
with 4 as defined in (D.5).

For (B.10), we decompose 7y into two terms: By (2.2), (3.2) and (3.7),
we obtain

(B.24)
rar(X, 2 1) = opi(X, zs g1 ) — (%, 2) — b, z3 1) = dPi(x,z; f)(r%)
+ (Pr(x,2; fo,0-1) — Pr(x,2; ) — dPi(x, 2, )X foe—-1 — f))

2
= ran(ez3 )

y=1

We have to establish (B.10) for each term ry,. For (r4;) this follows similarly
as (B.9) was proved for by, using (B.14) instead of (B.13). For ry., use (D.3),
with go = f, g1 = fs,k—1 and g1 — go = bg_1 + rx—;. Use then (iv), (B.13) and
(B.14).

Finally, consider R,. By (vii), (B.17) and (4.4), we may write

(B25)  Ru(nzzhy) = Pu(x,2: fi_y) = Pe(n2; fopm1) — dPi(n 25 f)(Wi-1)
= dPe(x,2; f ) Wiy — Wi—1)
+ (dPi(x, 2 fok—1)(Wi—1) — dPr(x,2; f:)(Wi-1))
+ dPi(x,2; fo,k—1)(Ri—1)
+ (Pe(x%,23 fr ) ~ P, 73 foe—1)
— dPi(%,7; fou—1)(frey = fok-1))

4
=Y Run(x,z3 1),
v=1
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with W1 =W;_1(+,x;he_1) and Wy_1 = W;_1(-;he_1). We have to estab-
lish (B.12) for each term R,,. We do this in detail only for v=1. Write
Ro1 (6,23 1) =% ¥ Rugenn (%, 2 e )z — x), with Regery (x, 25 _1) =
dPy(x,z; fu ) Wiy — Wi_1). We only have to prove

(B26)

[1RD N, |, = Oy Ph= =5 0 <7 < Jy and any p > 0.

Apply (D.5), with E=Ay, 61 =0p=x, g+, 0)=fu(+ ), n(+,2)=Wims(+ ;h)
— Wi_1(-,x;h_1) and ~®1xz = 0,,, = {x}. With % as defined in (D.5) we then
have Ryii(x,z; 1) = A(x,z,x,x), so that (B.26) will follow if we prove

(Bv27) H“h(i,o,dl,dz)“’rllllp — 0((nh)—1/2h~(i+dl+dz+l)n-s) ,

for any p > 0, when 0 S i+d +db < Jr, and Y is defined in (D.5). Let
T1 = Ug »)ezlx 2l x {x} and notice that g2y, = O(1) for 0 < vy +
v, < Jy -+ [ because of (iv). This will prove (B.27), in conjunction with (D.5)
and the statement

(B.28)

”“n(vl,Vz)HTzHLp — 0((nh)—1/2h—(v1+vz—l)n8) = O((nh)—l/zh‘(vl‘H’Z)n—S)

for all sufficiently small ¢ > 0, 0 < v; +v; £ Jr+ 1 and T, = Y. The last
relation in (B.28) follows from (ii) if we choose ¢ small enough compared to
gg. In order to prove the first relation in (B.28), notice that

| ~
n(x',x) = " S L1 0, X s i) — ELe (¢, X x5 1))
j=

with Ly (s, x b)) = L1 (5, u,x s 1) — L1 (s, he—y). Tt follows
from (B.15) (with & — 1 instead of %) that

v O(h_(vl+v2))7 0 é Vi + V2 é jk~1 5
(B29) IE™ g = .
Oh—Ye=1%2y ) 4y =Jp 1+ 1,
with T = {(x,u,x), x € Q%, |x' —x| £ Coh and |u —x'| < Cih}. But (B.28)

now follows from (B.29) and (B. 4) in the same way as (B 18) was proved,
using Rosentahl’s inequality.

Returning to the last three terms of (B.25), we use (D.3) for Ru», with

= fo 1= for—1 and 5= W;_,. (Actally, go( - ) = go(+,x), s0 we use a

generahzatlon of (D.3), as (D.5) was stated as a generalization of (D.2).) For

Rys, use (D.2), with go = fb +—1 and # = Ry_,. Finally, apply (D.4) for Ry,

with go = fox—1 and g1 = f_,. O

Lemma B.4 Suppose 2 < k < t and that d) has the asymptotic representa-
tion (4.4) and (3.4), with &, bar, ¥ur, Lak and Ry satisfying (B.8)—(B.12).
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Assume also the same for [}k. Then x(d) and X(ﬁk) have the expansions

(B.30)
18,23 h8)) 1= G (x, z ) = (0, 2) + W ope(, 2,5 g ) + Roa(x, 23 by )
ABeoz ) = B(nz3hy) = Bo(x,2) + W (2, ) + Rz )

with Ry and Rg satisfying (B.12).

Proof. The proof is analogous to the proof of Lemma B.2. O

Lemma B.5 Suppose 2 < k < t and that y(d;) and x([}k) have the expansions
in (B.30), with (B.8)—(B.12) satisfied, ((B.12) with Ry and ﬁﬂk in place
of Ry and Rgi). Then fk, defined in (viil), has the expansion (3.1), and
(B.15)—(B.16) hold.

Proof. Formula (B.15) follows from (B.11) and differentiation w.r.t. x’ and x
in (4.8). The rest of the proof consists of establishing (B.16). We omit h;_;
and by in the notation for simplicity.? By (viii),

(x —)G)O?k(x,Xi))

~ | -
®31) S = o S Rt (S

Perform a Taylor expansion of each term in (B.31), using the expansions in
(B.30):
(B.32)

5 x — z)0(x,z x — z)opp(x, z

e e RS Eeey

hy, hy,
Por(x,2) = o [ (x — 2)op(x,2)
+ W%k(xszax)K (—il—];—>

-H%u@mK(&;@@@9>

by,
4
+ Z SV(XJZ) Pl
v=1
with K(v) = vK’(v), and &,,...,&4 are remainder terms, defined by
Brie(x:2) 5 s [ (& —2)oi(x, z)
B.33 _ Bun)p o p (G D))
(B33 01e2) o (X, 2) H52) I
&(x,z) = ﬁﬂk(x,z)K (Miﬁ@) ,
k

%@ﬂZ&@ﬂ(KGﬂﬁﬂ&Z»-K(Qlﬂﬂﬁﬁ)
hy s

% Given x, we assume |z — x| £ Cyh throughout the proof. This is justified because of (B.1),
even though quantities like K((x — z)oy(x,z)/#;) may be nonzero for other values of z. For
the same reason, we also assume |X; — x|, |X; —x] £ Gk
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| T) —amn2) ((x —z)abk(x,z)>>

o (x,2) hy
o B G(x,z) — app(26,2) o { (x — 2o (x,2)
84()6,2) - (ﬂk(xzz) ﬁbk(x5z)) OCbk(x,Z) K ( hk ) .

Put also L
Rkv(x): —“ZSV(X,)(Z'), v=123,4.
nhy (=1

Insert the expansion (B.32) into (B.31), and use (4.7) and (3.8) to obtain
A 1 =
(B.34) Jix) = for(x) + Z (LX) — E(L(x,X)))

Z (a2, X, X;) — E(La(x, X, X) | X7))

k i, j=1
h 21(13(x X, X)) — E(l3(x, X3, X) | X0))
koij
+ ZRkv(x)
. v=1
with
hi(x,z) = Bpr(x,2)K (%) ,
la(x,z,u) = gzllzg Z; k(% 2,1, )K (%) ’
L3(x,z,u) = L_ﬁk(X,Z,u,x)K (%) .
k
Define next

(B35)  Res(x) = -1— i (L (6 Xp) — E(1y (5, X))

h Z(L (5 X, %) — E(L{ (%, X,x)) ,
k i=

Riglox) = = Zl(mxx,X) E(l(x, X, X) | X))
k i,j=

— _z (L 0 X5,x) — (G (6, X,x)))

Ryr(x) = Zl(lz(x , X, X)) — E(I3(x, X3, X) | X3))
k ij

nh Z(Ladz(ij,x) E(L2%*(x,X,x))) »

with £, 721 and [2%? defined in (4.8). It now follows from (4.1), (4.8),
(B.34) and (B 35) that

[ = for(x) + Wrlx,x) + ZRkv(X)



Varying bandwidth estimators 185
Hence, it suffices to prove for each v=1,...,7,

=O(mh) "V’ n ), 0<i<Jiandanyp > 0.

B36) [ IR llgse | ,

We start with the case v = 1,2,3,4. Suppose we can show
(B.37)

116204 )|,» = O(nh) " 2h™n™%), 0 <i< Jiand any p > 0,v=1,23,4.

Let ¥ € C*°(IR) be a positive function with compact support on [—2,2] and
Y(x)=1 for x € [—1,1]. Then .
-X
(5
As in Hall and Marron (1988), one shows

1 = o — X
%gllp( ok ]>

J

(B.38) IR lose < 11, |~

Q%

=0(1) forany p >0,

(B39) 1
LP

0%

using Rosentahl’s inequality. Cauchy—Schwarz inequality and (B.37)—(B.39)
prove (B.36). It remains to prove (B.37). For v = 1,2, this follows easily from
(B.12). For v = 3, put

H(x) = H(x,x,z) = K <(x _Z)K> .

Then i

(B.40) )
&3(x, 2, ) = Br(H(0) — H(opr) — (8 — ope )H' (031 ))

~ %
=B [ @ - 0HEO®)dx,
%k
where we have omitted x and z in the notation for simplicity. Define Vie(,2)

= G (x,2) — opr(,2) = Wa(x,z,x) + Rak(x z) and V;gk similarly. By differenti-
ating w.r.t. x repeatedly in (B.40), one can show that

i v (v2) ~(v) ~(v4)
(BA41) 100, =€ 5 BT I a 1B s, »

V1,¥Y2,V3,V4

where the sum ranges over all non-negative vy, v;, v3, v4 with v{ -+ v, 4+ v3 +
v4 = i. Similarly as for (B.18), it is possible to show that

()

(t)
(B42) 170 oo 175

< C(nh) I/Zh—l €

Il P =

for any p > 0 and 0 < i < J;. Formula (B.37) for v =3 now follows from
(B.41) and (B.42), (B.8)—(B.10), (ii) and Hoélder’s inequality. When v = 4 we
have the estimate

- pODy 10w
1ela, S € 2 AT a1 g

V1.V2,V3
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summing over non-negative indices with v; + v, + v3 =i, and then the rest
follows as for v = 3.

For v = 5, (B.36) is proved similarly as (B.28) was proved in Lemma B.3,
using an estimate like (B.29) for the effective kernel involved. The main ingre-
dient for the cases v = 6,7 is Rosentahl’s inequality for degenerate U-statistics
of order 2, see Hall and Marron (1988) for such a proof. (Put I(X;,X;) =

L(x, X, X;) — L%} (x,X},x), i+j. Then (X, X;) — E(I(X;,X;)| X;) can be ap-
proximated by a degenerate kernel ZN()(i,)('j-), satisfies E(i(X,-,Xj)IXj) =
E(I(X, X)) X:) =0 as) O

Lemma B.6 Suppose 2 < k < ¢ and that ay and By have the expansions
given in (3.4), with (B.8)—(B.10) being satisfied. Then f, defined in (3.8),
has the expansion (3.2). The main bias term by is defined in (3.9)
(3.10), and (B.13)~(B.14) hold.

Proof*. As in the proof of Lemma B.5, we omit /_; and % in the no-
tation. We assume s(k) = s(k — 1)+ 2. The case s(k + 1) = s(k) is similar,
but simpler. Formula (B.13) follows by the definition of &; in (3.9) and
(3.10) in conjunction with (iv), (B.8) and (B.9). Notice that J; derivatives
of by are required, and hence Jy + 2 derivatives of by and bg.. However,
since Jk Jp +2 when s(k) =s(k—1)+2, by and bg have the required
number of derivatives.

We now turn to r¢. In order to establish (B.14), we first need some expansions.
Put by = by + 7 and bﬁk = bp + rpi, S0 that o = oy + by and

(B.43) Boi(x,2) = Pr(x,2) + bpi(x,2) .
Perform the Taylor expansion
(B44)
(x — 2)ap(x,2)\ (x — 2)ay(x,z) 5ak(x,z) L (x — 2)a(x,z)
K ( Ay ) -% ( By ) T %) K ( Py >

- 2
n byi(x,z) e {x — z)ou(x,2) be(nz)
o (x,z) hi
with ¢ a remainder term, K(v)=vK’(v) and K(v) = *’K®(v)/2. Inserting
(B.43) and (B.44) into (3.8) gives

((x — z)oy(x, z)

PA02)) fayas

(B43) fulx) = 5 [ Pelm K
o = oL

Bilx, z)bak(x z) o { {x — 2)oudx,z)
f . K ( e ) f(z)dz

*h—k

4 As in the proof of Lemma B.5, we tacitly assume |z — x| < Cyh to avoid tail effects. This
is no restriction because of (B.1), and implies that all integrals w.r.t. z have bounded domain
of integration, in particular in the definition of /3
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U bu(,2)bpr(x,2) o ((x — 2)ox(x,2)
E 7nz) K ( I ) f(z)dz
1 B 2)bu(x,2) 5 (¥ — 2)ou(x,2)

+ I J a(x,z)? K ( Py ) fleydz
1 Eak(x,z)zl;ﬁk(x,z) o [ (x — 2)op(x,2)
e e e [T

b o B 2o, 2)f @) s

7
:énm+§m®,

with ry¢ and ry; remainder terms. Making use of Theorem 1 in Hall (1990)
we expand the first five terms of (B.45) as follows:

(BA6) Ti(x) = f(x) + 1S + rma(x)

by ) f(x) | oK) [bﬁk(x,nf(z)}‘“’” 2

Bax) = ox(x, %) 2 o (x,z)?

zZ=x

4 &) [rﬂk(x,Z)f(Z)

0,2)
" ,
5 0(rz)? j|=x 7+ Froax)

h(x) =

_bux0)f () 3ua(K) [bak(x,zmk(x,z)f(z)}“”” 2

(%, x) 2 o (x,2)* 2=x i

_ 3/12(K) [rak(x,z)ﬁk(x,z)f(Z)

0,2)
> z)? ] H; + ra(x),

~ ba (5, )b (x,x) f(x)
o (x, x)?

bui(x,%)* f(x)

27 (X, -x)2

Tu(x) = + 7ra(x)

Ts(x) = +rs(x),

where we have used (2.9) (which follows from (ix)), w(K) = —1, p(K) =
—3u(K) and up(K) = 1. Inserting the expansions (B.46) into (B.45) we ob-
tain,

(B.47)
Fe(x) = fou(x) — f(x) — bi(x)

_ ) [rﬁk<x,z)f<z>](°’” 2 3m(E) [ra(n2)B(2)f ()]
2 ox(x,z) K 2 o (x,z)*

h

z=x z=X

7 7
+ ;rkv(x) = Z_:Or;w(x) s
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where we have used the definitions of ry and b; in (3.2),(3.9) and (3.10).
Notice that several terms cancel since

bye(x,x) = bg(x,x)

which follows from (ix), (2.9) and (5.2).

It remains to establish (B.14) for each of the terms in (B.47). For ry, this
is proved in the same way as (B.13) was for &;, making use of (iv), (B.8)
and (B.10). rpy, ... ,7s are all remainder estimates in various Taylor series
expansions based on Theorem 1 in Hall (1990). We omit the details, but since
Ji derivatives w.r.t. x are required for each r4,, and we make Taylor expansions
of T)-T5 up to order 2, we must require J; + 2 continuous derivatives for the
functions f, ok, Pi, bw and bg appearing in I1-Ts. But this follows from
(iv) and (B.8)—(B.10) (see the remark after (B.8)—(B.16)).

To handle r, perform the change of variables v = o (x,z)(x — z) in the
integral defining 74 and then differentiate under the integral sign J; times.
Finally, for r;7, notice first that &(x,z) is a remainder term in a Taylor expan-
sion, and therefore

1 i 3
6(x,2) = %(abk — o) Ja- py (xhkz>

% K3 ((x _Z)(Ock‘;lp(abk - dk))) b,
k

with o = o(x,z) and o = op{x,z). Insert this identity into the integral 77,
change order of integration between dp and dz and change variables v = (o +
ploy — o) x — z) for each fixed p. Finally, differentiate w.r.t. x up to J;
times, and move the differentiation operator under the inner integral. The rest
is similar to ryg. [

Appendix C
Proof of Theorem 7.1
Since A1, ..., h;—1 are all of the same order, Theorem 5.1 implies (B.13)-

(B.16) for k =¢— 1 and (B.8)—(B.12) for k = t. Using this, we will prove,
for some ¢ > 0 and all p > 0,

(€.1) N7 g ||» = O™ 0™,
and

(C2) 1Relfgs Nl p = OUnh )™ n™2) .
We will also prove

(C.3) 7l g, == o(h"®Y .

The theorem then follows from (C.1)—(C.3). By making the change-of-variables
v = (x' — 2)og(x,x)/ in (4.8) and differentiating under the integral sign, it fol-
lows from (B.11) (for £ =¢t) that

(LD 5, =00y 0<itd =T +1=1,
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which implies

(C4) LDz, = O™y i=0,1.

It follows from (4.8) and (B.S5) that

(C5) de(x, -3 h;) is supported on [x — C.h,x + C,h] for any x € 0o .

As in the proof of Lemma B.2, (C.4) and (C.5) imply

(C.6) 117 | = Onk) ™20

for any p > 0 and ¢ > 0. This implies (C.1), if we choose ¢ in (C.6) small
enough compared to ¢ in (ib).

Formula (C.2) is proved as in Lemma B.5, provided we make some small
adjustments for the fact 4, < k. For instance, (B.37) and (B.38) become (notice
that ']t == 0)

Hevllallze = Onk)~"?n=%)  for any p > 0

and

1Raligs = llevlla, ||

X;
Z v <C1ht/XO>

for v =1, 2, 3, 4. The rest of the proof is analogous to Lemma B.5.
Finally, (C.3) is derived as in Lemma B.6. For the remainder terms r — 1y
in that proof we obtain

oy v=1,
o(F-Dp2y v=0,2,3,
o(h* 1)y vy =45,
Oty vy —6,7.

17l e =

All the quantities above are o(k). For v=0,2,3 this follows from (ic)
and (id). When v=4,5, (ic) and (id) imply A%¢—1D = p2n() « h2(m(t) 2) _
o™,

Appendix D
Some consequences of the regularity conditions
We will state some consequences of (5.1) in Sect. 5, that are used in the proof

of Lemma B.3. First some notation. For a function g : IR — IR that is v times
differentiable on a set T C IR, define

e = 3 TTg™|x
{we}

llg
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where the sum ranges over the finite collection of sequences 0 < vy < --- < v,
with v > 0 if » > 1 and ¥ ,v, = v. Similarly, given two functions gy and g,

we write
190> 91 Hvx = z HmaX(Hg(v”)Hr: g™ l1r) -

Recall the definitions of = and P(E) from (x), and the function A(x,z;0) =
Pu(x,z; 9(-;90)).

(I) Let p =0, so that g(x; ©) = g(x). Then (5.1) reduces to

(D.1) IPEDC-, e s € {Z [T llre) »

where the sum is taken over all finite sequences {v,} with ¥ v, =1+i+j
and at most one v, > 0.

(I) Let p = 1, with © = {0} and g(x; 8) = go(x) + On(x). Then dPE7(x, z; go)
(1) = K> D(x,2; 0). Notice that g9 equals g when d = 0 and 1) if d = 1.
Application of (5.1) yields

(D2)  [dPSI(-, gz = |AE" Vlzxe

o)
< C Y In™llee TT gs™ llpe
uz2

I4itj )
=C Zo (7 ||P(E)H90||l+i+j—v,P(E),
—

with ¥ ,v, =7+ i+ j, and at most one v, > 0 for u = 2.

(1) Let p=2, 0=(0,62), ©=({0}[0,1]), g(x;0) = go(x)+ Oin(x)
+02(g1(x) — go(x)). Then, dPE(x, 23 g1)(n) — dPE)(x,2:90)(n) = fy hs""
(x,2;0,0,)d0;. Let go,(x) = go(x) + 62(g1(x) — go(x)). Observe that g»91:42)
equals g if dy =d> = 0, 1" ifdy =1, d> = 0, (g1 — o) if dy = 0,d> = 1
and 0 if d; +d, = 2. Applying (5.1) gives

(D3) ldPEA(-, ~191)(m) — dPEI(, s g0)llz < 1A =xe

<C sup 3 " leellgr — 90)"llre) H ||gg“ llp@)

056:=1 {v,}

< C 3 e g1 — 90)°2 ey {g0 91 H i~ vi—va ()

Vs V2
with ¥ v, =1 +1i+ ).
(IV) Choose p=1 and ©=[0,1]. Given functions go and g;, put

9(5:0) = go(x) + 801 () — go()) := ga(x). Then P (x,2;91) — P (x,2: go)
- dP,(df 2, 90)g1 — go) = fo(l 0 2)(x, z; 0) dO. Notice also that g%
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equals g™ if d =0, (g — go)™ if d = 1 and 0 if d = 2. Hence,

(D4)
PG, o 590) = PR, < 590) —dPED (-, 590001 — go)ll=

1.
< Ellh("”z)llsxe < sup CO (”(gl — 90)"V|pez)
0s

<01 {y,

o)
x |[(g1 — 90)"?|lpy T1 ll9p" ||P(E)>
=3

< C Y 191 — 90V le@)litgr — 9021 pe)1{g0s 91 H 1414 —v,—vp,P(E) 5

V1,V2

the sum ranging over all sequences {v,} with ¥ ,v, =1+i+j and at most
one v, > 0.

Equations (D.1)—(D.4) can also be extended to the case when go,g; or 7
depend on finite dimensional parameters. We illustrate this for (D.2): Assume
go = go(-301), 7 =n(-;0;), with 8, € R”! and 8, € R?2. Put /i(x,z,0,,0,) =
dPy(x,z; g( - ,01))(5( - ,0,)). We consider domains of 4 such that for each fixed
(x,z) €E, 0, € O1,; CIR?1 and 0, € Oy, C R, Then it follows from (5.1),
similarly as for (D.2), that

(D.5) )y < € 5 7)), I 6,
1z

{vu}

where T = U[x,z]EE (%,2) X Oy X Oy, T = U(x,z)€E [x,2z] X ©1, and Y; =
U(x,z)EE [x,z] X ©2,. The sum in (D.5) ranges over the finite collection of

sequences {v, = (v,ﬂ,v,lz)};=1 with X vy =1+i+j, vio=dy, T y22ve =
d;, and at most one v, equal to zero for 4 = 2.
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