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Robust Multiple Classification of Known Signals
in Additive Noise—An Asymptotic
Weak Signal Approach

Ola Hossjer and Moncef Mettiji

Abstract—The problem of extracting one out of a finite number
of possible signals of known form given observations in an
additive noise model is considered. Two approaches are studied:
either the signal with shortest distance to the observed data or
the signal having maximal correlation with some transformation
of the observed data is chosen. With a weak signal approach,
the limiting error probability is a monotone function of the
Pitman efficacy and it is the same for both the distance-based and
correlation-based detectors. Using the minimax theory of Huber,
it is possible to derive robust choices of distance/correlation when
the limiting error probability is used as performance criterion.
This generalizes previous work in the area, from two signals to
an arbitrary number of signals. We consider }/-type and R-type
distances and also one-dimensional as well as two-dimensional
signals. Finally, some Monte Carlo simulations are performed
to compare the finite sample size error probabilities with the
asymptotic error probabilities.

Index Terms— Additive noise, asymptotic error probability,
known signals, M -statistic, maximum correlation, minimum dis-
tance, multiple classification, R-statistic, robustness, weak signals.

I. INTRODUCTION

ONSIDER the following multiple classification prob-
lem:

H;:Y,=ackr+er, k=1,---.n, i=1---,p. 1.1

The observed vector Y, = (Y7,---,Y,) is a sum of one of
p possible vectors a€in, -+, acy, and a noise vector e, =
(e1,- -+, en). The amplitude factor « and ¢;p, = (Ci1,- - Cin)
are assumed to be known while e; represents independent iden-
tically distributed (i.i.d.) random variables with distribution
F.

Let ¢p: R™ — {1,---, P} be a nonrandomized decision
rule with Borel measurable decision regions Q,; = ¢ 1(3).
Assume that the a priori probability of H; is m; > 0,
1=1,---,p, with 3 m; = 1. It is well known that the optimal
Bayes (maximum a posteriori) decision rule minimizing the
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error probability

P
Po(pn, F) = Y _miP(Y n§Qnil Hy) (1.2)

i=1

is given by

oY) = arg miin (—Z log f(Yr — acik) — log 7r,~>,
k=
1 1.3)

where f = F’ (cf. [18, p. 48]).

When F is unknown to some degree it is important to
find robust decision rules for which P.(¢,,, F') is insensitive
with respect to variations in F. A minimax solution for
P.(¢n, F) is obtained in [13] when p = 2 and the distribution
of the noise components is allowed to vary independently
under both hypotheses. Unfortunately, this approach is difficult
to generalize to arbitrary p. Instead, we will consider the
asymptotic weak signal approach, where the signal amplitude
« decreases with the sample size as

a=an=K/Vn,

given some constant K > 0. For reasonable decision rules,
the error probability then converges as n — oo to a nonzero
limit. An analysis of the limiting value of the error probability
is relatively straightforward, since it is closely related to the
Pitman efficacy of the detector test statistic. Therefore, the
classical robust minimax approach introduced by Huber [7]
may be used to analyze the detector. This connection between
the asymptotic error probability and the efficacy has been
utilized frequently in the literature when p = 2, using power-
level type criteria, see for instance [2], [12], and [13] or [11]
for an overview.

In this paper, we extend the correspondence between the
efficacy and asymptotic error probability to p > 2, using P, as
performance measure, which is more appropriate in many com-
munication problems. The asymptotic weak signal approach
also makes it possible to find approximate expressions for
P.(¢,, F) when n is fixed. The exact error probabilities are
usually hard to calculate when F is not Gaussian.

A practical limitation of the weak signal approach is the
decrease (1.4) of the signal amplitude with the sample size,
since this does not correspond to collecting more and more
samples of a fixed signal, but rather a new signal is considered

(1.4)
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for each n. On the other hand, it is interesting with a detector
that classifies weak signals, since these are on the border of
not being distinguishable, and therefore, the error probabilities
are especially important to know in this case. In addition, the
weak signal approach is mathematically more tractable than
an asymptotic analysis based on large deviation theory.

We will consider two kinds of detector structures.

1) Minimum Distance Detectors: Given some distance mea-
sure in R™, choose the signal that is closest to the
received data.

2) Maximum Correlation Detectors: Choose the signal that
has maximal correlation with some transformation of the
received data.

In Section II, we define in a general framework distance
measures in IR™. In particular, we will consider detectors
based on M-distances and R-distances and we investigate
the asymptotic properties of the corresponding detector test
statistics in Section III. In Section IV, we show that the
asymptotic error probability is essentially described by the
Pitman efficacy. This is utilized in Section V in order to
find robust detectors. The set-up is generalized in Section VI
to two-dimensional signals. In Section VII, we compare the
results with Monte Carlo simulations. Finally, some technical
results from the asymptotic theory of the test statistics are
collected in the appendix.

II. GENERAL DETECTOR STRUCTURES

Let D,,: R" x R" — IR be a distance measure between
vectors in IR™. We assume that D,, is translation invariant, i.e.,

D(z+z y+2)=D,(z. 9)

for any vectors z, y, and z in R". Without ambiguity, we
will write D, (z. y) = D,(z — y) in the sequel. We collect

the signals into a n x p signal matrix C,, = (¢}, . ¢cp,),
and define
« !
R e e
0f; =0
n 8Dn
L S N 1)
k=1 Tk
with @ = (6, -.6,). Our two detectors may now be specified
as follows (see also Fig. 1), with Y, = (Y7.---,Y,,).
1) Minimum Distance Detector:
dn(Y,) = arg miin (Dn(Y, — anein) — L log 7).
(2.2)
Note that if we introduce
T;?(Yn) = Dn(Yn) - Dn(Yn - {yncin,) (23)

with TP(Y,) = (TH,---.TP), then the minimum

7 np
distance detector can be written as

$n(Y,) = argmax (TE(Y,) + L log ;). 2.4)
1

The reason for rewriting the minimum distance decision

rule (2.2) into the form (2.4) is that the asymptotic be-

havior of the random vector T'2 is more natural to study

|

MINIMIZE

(¥,

(a)

(b)

Fig. 1. General detector structures for (a) minimum distance detectors and
(b) maximum correlation detectors. In (b) the first subtraction of %n n€in from
Y, may be omitted if all signals have the same L?-norm (see the remark
after Lemma 1).

than that of the vector (D, (Y, — an€in), - -

nCpn))-
2) Maximum Correlation Detector:

s Dn(Yn -

¢n (Y, ) = arg max <(yn Di (Yn

1
‘Tanczn,) + L 10g 7TL‘>. (25)

2
1
E(Incin

with T (Y,) = (TS. . TS,), then the maximum
correlation detector can be written as

(Y ) = argmax (TS(Y ) + L log ;).

Note that if we introduce

(2.6)

ni

TS(Y ) = oy, D}, <Y,, -

‘ @7

A first-order Taylor expansion of D,, (Y —0C",) with respect
to #; around the point %anui gives TR(Y,) =~ TS.(Y ), so
we expect that the minimum distance and maximum correla-
tion detectors perform similarly when # is large and o, =
K/\/n small.

In order to make ¢,, well defined in (2.2) and (2.5) when
two or more of the quantities in brackets equal the maximum,
we pick (say) the quantity with lowest index for definiteness.
The norming constant L is specified from case to case. It is
unity for the optimum detector (1.3) and the robust detectors
in Sections V-B and VI-C. Note that the term L log m; may
be dropped when all a priori probabilities are equal, since this
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does not change the decision rule. It follows from (2.1) that
Df1 (Y- %ancm) takes the form of a correlation between ¢;,
and Y, — 3ancin, which explains the name of the detector
(2.5).

Example 1) M-Distance: Given a function p: R — R, we
define the M-distance as

D, n(z) =Y _plan), (2.8)
k=1
where = (21,---,%5). For p/ = ¢, we obtain
Diy, u() =D _cath(zr), 2.9)

k=1

which may be regarded as a correlation between c;, and the
vector (¥(21),---,%(z,)). The canonical choice p(z) = 22
yields the (squared) L?-distance. Simple calculations show that
(2.2) and (2.5) are actually algebraically equivalent for this
distance. Huber’s p-function,

_ 7?2
pa(z) = {a|x| —a?/2,

defines a family of distances. Note that outliers of magnitude
greater than a are weighted down by this distance. Since the M-
distance is generally not scale invariant, we assume that a scale
parameter of the error distribution has already been estimated
for some training data. The L2-distance corresponds to the
case when a = oo and there is no protection against outliers.
The L!-distance corresponds to the case when a — 0-+. Here,
p(z) = |z| and there is high protection against outliers.

|z| < a,

izl > 0 (2.10)

Example 2) R-Distance: Given £ = (z1,--+,Zy), let Rk+
be the rank of |zi| among |zi|,- -, |zn|. The R-distance is
defined as

Dp n(2) =Y an(R})|zil, (211)
k=1

where a, (1), -,a,(n) are appropriately chosen scores. The

derivatives are given by

n
Dip, n(®) = ) casgn(an)an(R),  (212)
k=1

which is a correlation between ¢;, and the vector

(sgn{z1)an(RY), - ,sgn(zn)an(RY)) of signed ranks. The
scores an(-) are generated from a function h: (0,1) — R

according to
k
(k) =h .
an(k) (n+l>

Examples of such scores are

a) Wilcoxon scores, h(u) = u;

b) van der Waerden normal scores, h(u) = ®~1((u+1)/2),
where @ is the c.d.f. of the standard normal distribution;

¢) truncated normal scores, hp(u) = min(® " ((u +
1)/2), b), given some b > 0, introduced by Rousseeuw
(115), [16]); A

d) Jaeckel’s minimax solution in [9], h(u) = min (®~1((u
+1 - €)/2(1 — ¢€)), b).

(2.13)

Also note that h = 1 yields (up to scaling) the L'-norm.
Since the R-distance is scale equivariant, there is no need for
a preliminary estimate of scale, as for the M-distance. For an
account of R-distances, see [6].

Remark: We close the section by remarking that our signal
model can be imbedded into a linear regression model,

Y, =0C, +e,,

where @ = (01,---,6,) is the unknown regression parameter
and e, = (e1,- - -,en) the noise vector. The hypothesis testing

problem (1.1) is now written as
H;: 0 = anu;, t=1---,p

with u; being the unit vector in IR” with one in position i. A
detector may then be constructed by first estimating 6 from
the data according to

0 = arg moin D,(Y,—0C.)
and then make a decision according to

dn(Y,) = arg miin H(@ — anu;)Ch,

= argmin Ha("; — QnCin||,
1

where || - || is the Euclidean norm in R". However, the

computational burden of estimating @ is often quite large, so

we will prefer the other two detector structures.

III. ASYMPTOTIC PROPERTIES

In this section, we investigate the asymptotic behavior of
the statistics T2 and TS introduced in (2.3) and (2.6), and
start with the following regularity conditions.

1) The distribution F of the random variables e; is sym-
metric with an absolutely continuous density f such that
the Fisher information I(f) = [*_(f"*(z)/f(x))dz is
finite.

2) The signal matrices C,, satisfy lim, oo CpCrn/n =
X, where X = (o)} ;_, is a symmetric, positive
semidefinite p X p matrix. Let also oy, --,0, be the
row vectors of X' and o = (011, -+, 0pp) the vector of
diagonal elements.

A. M-Detectors

Assume that D, = Dy, (cf. (2.8)), with p absolutely
continuous and a derivative 1 that is skew symmetric’ and
satisfies

0< Ay, F) = /1/12(1:) dF(zx) < oo, (3.1)
/ (@ +h) — (@) dF(z) = o(1) ash—0 (3.2)
and

/ W(z + h)dF(z) = hBy(p, F) +o(h),  (33)

U1t is actually only necessary that [ ¢(z)dF(x) = 0 in Lemma 1, but in
Section V, we need this stronger requirement.
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for some By(¢, F) > 0. If, for instance, ¢ is absolutely
continuous with v’ bounded, it follows that By (¢, F) =
J ¥ dF. Assume also that

/(p(x+h+q)—p(x+h—Q)

—2q(z + )2 dF(x) = o(h® + ¢%), (3.4)

and
/(p(z+h+q)—o(z+h—q)
- 2q¢(z + h)) dF(z) = o(h> + ¢*). (3.9

as h, ¢ — 0. Conditions (3.2)—(3.5) are satisfied if ¢ is dis-
continuous at most at a finite number of points and absolutely
continuous with a bounded derivative 1)’ outside the points
of discontinuity. Conditions (3.2)~3.3) are the same as those
in [1].

We may now prove asymptotic normality for the test statis-
tics Tfl’ » and Tf,,'n introduced in (2.3) and (2.6), where the
subscript M indicates that the distance measure is of M-type.

Lemma 1: Suppose that D,, is the M-distance defined in
(2.8). Then, under (F), (C), and (3.1)+3.3),

TS, o —5 N K2 A (9. F)X) (3.6)
under H;, where the mean vector is given by
1
= K2By (4, F) (01- - 50). (3.7)

and with o; and o defined in (C). If p satisfies (3.4)—(3.5) as
well, (3.6)~(3.7) also hold with T%; ,, in place of T ,,.

Proof: See the Appendix. O

Remark: In Lemma 1, Tnc]- is defined by differentiating
D, (Y, — 0C.) with respect to #; around the point § =
%anu]-. When all a priori probabilities are equal, this choice
of differentiation point always yields asymptotically optimal
decision regions among all decision rules based on TS, see
Proposition 2 and the remark following. If instead 8 = 0 is
chosen as the differentiation point, it follows as in the proof
of Lemma 1 that (3.6) holds with g, = K?Bp (3, F)o;.
Hence, the mean vector under H;, g, is translated in a direction
proportional to o = (011, -+, 0pp) for e =1,---,p. Since the
decision rule picks the maximum of TfJ + L log m; it is easily
seen that the asymptotic error probability is unaffected after
the change of differentiation point only when g1, = - -+ = gy,
This corresponds to (cf. (C)) that the signals o, Cin, -, nCpn
have equal asymptotic L?-norm. This remark is also valid for

R-statistics and two-dimensional signals.

B. R-Detectors

Assume that D,, = Dpg , (cf. (2.11)), with scores an (%)
generated from a function A according to (2.13). Also suppose
that 4 is nonnegative, nondecreasing,

1
0 < Ap(h) = / h(u)? du < oc, (3.8)
0

0< Bgr(h, F) = /lh(u)hp(u)du < 00, 3.9
0

where

(= ()

As for M-detectors, we may prove asymptotic normality for the
test statistics T,,’?, ,, and Tgy »» With the subscript R indicating
that the distance measure is generated from ranks.

Lemma 2: Suppose that D, is the R-distance defined in
(2.11) with scores generated according to (2.13). Then, under

(F), (C), and (3.8)<(3.10),

(3.10)

TG . -5 N(p, K*Ar(h)X) (3.11)
under H;, where the mean vector satisfies
1

ui:KQBR(h,, F)(O’i—io'), (312)

with ¢; and o defined in (C). Furthermore, (3.11)—(3.12) hold
with Tg_n in place of Tg, ne

Proof: See the Appendix. O

IV. ASYMPTOTIC ERROR PROBABILITIES

Having derived the asymptotic properties of the test statis-
tics in Section III, we are now ready to analyze the asymptotic
error probabilities. Let ¢ = {¢, }52, symbolize a sequence of
decision rules. For such a sequence, we let

P.(¢. F) = limsup P.(¢n, F),

n—oc

4.1)

the lim sup of the error probabilities, be our performance
criterion.

We are interested in decision rules generated from M-
distances/R-distances according to (2.2)—(2.7). It is clear from
Lemmas 1-2 that the maximum correlation and minimum dis-
tance test statistics may be treated within a unified framework,
as may M-statistics and R-statistics. For this reason, we simply
write T', in the sequel referring either to T1131, . Ti,, no Tg) n»
or T% ,,. Similarly, A may stand for Axr(+, F') or Ag(h) and
B for either Bys(v, F) or Br(h. F).

We say that a sequence of decision rules ¢ is generated from
{T,} if there exists a decomposition of R” into p disjoint
Borel measurable subsets Gy, -+, G}, such that

i) = =T NG, i=1.p. (42)

so that H; is chosen whenever T, falls into G;.

In order to facilitate the computation of P.(¢, F') when
¢ is generated from {T,}, it is appropriate to transform T,
so that the covariance matrix becomes radially symmetric. In
particular, this makes it easy to see how P, depends on A and
B. According to Lemmas 1-2 we have Tni»Z, where

Z ~ N(p,. K2AX) 4.3)

under H; and pu; = K*B(o; ~ %0). The rank-g matrix X' may
be diagonalized as

2 =Q'DQ. (4.4)
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where Q is a p x p orthogonal matrix and D =

diag(dy,---,dp), a diagonal matrix with diagonal elements
di >+ >dg>0and dgyy = -+ = dp = 0. Then define the
affine transformation A: R? — R? by
Alz) = ! :c+1KZB H 4.5)
“kB\"T2" )" ’
where
vy -0
H=¢ 0 1/4/d,
0
0 0
(ie., H = %742 when q = p). Transforming Z we obtain
T, (Y,) = AT, (Y,)) -5 Z, where
Z = A(Z) ~ N(js;, E71,) (4.6)
under H;,
B = Alp;) = Ku, XH, 4.7
1, is the q x g identity matrix and
£ =DB?%/A (4.8)

is the Pitman efficacy. This quantity £ only depends on %
and F (or h and F) and it measures the concentration of the
random vector Z around f1;. On the other hand, the Euclidean
distances between the center of gravity points under different
hypotheses depend on the signal characteristics only, since

I&; — ;1> = K*(0ii — 2045 + 05)

K&
—n_z(c“‘ —cie)?, (49)
k=1

= lim

n—oo

which is the asymptotic Euclidean distance between a,c;,

and a,cj,.2 Consequently, the signals are separated from the

detector and noise characteristics (F' and ¢ or k) in terms of

means and covariance matrices of Z, respectively. Since the

signal characteristics are fixed, so are all ;. We will see in
Section V that this simplifies the analysis of P.(¢, F).

It follows from (4.3)+(4.4) that P(ZeM) = 1 under

H,y,---,H,, where
M = Span {u,Q, -+, 4,Q} — %K2Bo (4.10)

is a g-dimensional hyperplane in R?. Given a decomposition
{G:}l_, of RP, let

Gi = AG; N M). 4.11)

When p = g we have M = RP, G, = A(G;), and since A

. e . . . o

is then bijective it follows that ¢, '(:) = T, (G.), so that

H; is chosen whenever T',,€G; and the sets G; correspond
2The choice of A is not unique if two of the nonzero eigenvalues of X

coincide, since @ is not unique in this case. However, this does not affect the
covariance matrix of Z and the pairwise distances between f1; and fi ;.

to decision regions in IR?. This may not be true when ¢ < p
since T',, need not be concentrated to M for a fixed » and A
is not injective outside M. Actually, A(G;) = IR? may hold
in this case, and therefore the image of different G; under A
overlap. However, the following proposition implies that the
sets G; correspond asymptotically to decision regions in IR?
as far as computation of error probabilities is concerned, even
when ¢ < p.

Proposition 1: Given a decomposition {G;}!_; of IR, let
¢ be the sequence of decision rules generated from {T,}
according to (4.2) and suppose that?

P(Z€dGi|H;) =0, i=1,---,p. 4.12)
Then,
P.(¢, F) = lim P.(¢n, F)
P
=Y mP(Z¢Gi|H,), (4.13)

=1
with G; defined in (4.11).

Proof: Since T, -, Z, it follows from (4.12) and the
relation P(ZeM) = 1 (cf. (4.10)) that

P
lim > " P(T2gGi| H:)
=1

i

il
'M“

Il

1

7

-

WiP(ZEGfﬂMlH,‘). “4.149)

1

7

Il

Since A is surjective and
A7} (A(z)) = = + Span {u;1Q, 4, Q},

it follows that the restriction Ap;: M — R? of Ato M is a
bijection and hence

AHGH=GnM (4.15)
because of (4.11). But (4.15) implies that
P(ZeGS N M|H;) = P(Ze Ay (GS)|H;)
= P(ZeGS$|H;),
which together with (4.14) proves the proposition. O

Fig. 2 illustrates the decision regions in the spaces R”, R?,
and R? for decision rules generated from {T',} according
to (4.2). Note that the actual decision is made in IR?, and
the transformation A is performed in order to facilitate the
computation of asymptotic error probabilities.

The decision rules (2.4) (and (2.7)) are generated from
{T,}, with

GL' = Gi(ﬂ', L)
= {ze]Rp;i = argmax (z; + L log 7'(']‘)} (4.16)
7

and * = (7,---,7p).

3In (4.12), 8G; = cl(G;) N cl(GS) denotes the boundary of G, © is the
set-theoretic complement and cl(+) the closure of the set.
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Fig. 2. Decision regions in the spaces IR™, IR?, and IR? for a decision rule

0, generated from T',, according to (4.2).

Fig. 3. Distribution of Z under different hypotheses and the regions G,
(whenmy = -+ =7, = 1/p).

Proposition 2: Suppose G; = G;(m, L) is given by (4.16).
Then the transformed regions G; = G;(w, L) in R? according
to (4.11) are given by (cf. Fig. 3)

Gi(x, L) = {ye]Rq:i = arg min
j
1 L
(- ifi - 5 e ) | @an

Moreover, (4.12) is valid, so that P, is given by (4.13).

Proof: One may verify directly that A transforms G; "M
to the set G; in (4.17). We prefer to show this indirectly in the
following way: Let z be an observation of the random vector
Z, whose multivariate normal distribution under H; is given
by (4.3). We know that P(Z€M) = 1 and that the density
of Z under H; is

1
fl(z) = a 1/2
(2m) /2 (Ki’Ade)
1
exp (-2—}(12](1 — )X Nz - l"i)/)‘
zeM, (4.18)
where

2l =Q diag(dy .-+ .d, . 0,4.0)Q

is a (pseudo)inverse of 3. Suppose now that given z we want
to determine H; and that the cost of making an error is C;

under H;. The optimal decision regions F; that minimize the
average cost

P
C =) CmP(z¢Fi|H;)

i=1

are given by (cf. [18, p. 48])

F; = {xeM: i = arg 1112_LxC]7rjfj(z)}
J

z€M: i = argmax
J

(:lf] + % 103(@%‘))},

where the last equality follows from (4.18). On the other hand,
we may make the decision after observing 2 = A(z). Here,
% is an observation of Z, which is distributed according to
(4.6) under H;. Let fl(y) denote the corresponding density. In
analogy with (4.19), the optimal choices of decision regions
when observing Z are

(4.19)

Ei= {yGIR”:i = arg max Cjwjfj(y)}
J
= {yelR,q:i = arg min
i

A
(3= il = g oxicm) )} @20

Since F; and F, are unique and Aar, the restriction of A to M,
is bijective, it follows that F; = A(F;), i =1,---,p. If now

. LB/A-1
the costs are chosen according to C; = ; /

, inspection
shows that G; N M = F, and G; = F; when G, is given
by (4.17). Hence, G; = A(G; N M), which proves the first
assertion of the proposition.

We observe finally that
P(Z€dG,|H;) = P(Z€oG; N M|H;) =0,

because of (4.18) and (4.19). |

Remark: We say that a sequence of decision rules is
asymptotically optimal if it minimizes P.(¢, F) given F. The
asymptotically optimal sequence of decision rules among all
based on {T,} (cf. (4.2)) have

. o (1, ., A
G = {yelR]: i = argmin <§Hy—ujH 5 log W.j)}.

This follows from (1.3), (4.6), and Proposition 1. The set G;
always agrees with Gy(w. L) in Proposition 2 when 7 =

- = . This is also true if p = —log forh=hg, L=1
and 7 is arbitrary, since in these cases A = B. In fact, the latter
two sequences of decision rules are asymptotically optimal
given F' among all decision rules.
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V. ROBUST DETECTORS

We now turn to the problem when F is not known exactly,
but rather belongs to some appropriately chosen class F of
distributions. Our goal is to find a sequence of decision rules
that minimize

sup Po(o, F). 5.1)
FEF

We found in Section 1V that P,(¢$, F) is given by (4.13) and
(4.17) when ¢ corresponds to a minimum distance/maximum
correlation M- or R-detector. A problem is that the regions
Gi('/r, L) depend on B in general, which in turn depends on
F. An important special case when G;(w, L) is independent
of F is when # = (1/p,---,1/p), which corresponds to a
uniform a priori information.

A. Equal a priori Probabilities

Assume that # = (1/p,---,1/p). Let Fy be the nominal
distribution, assumed to have a symmetric, strongly unimodal
and twice continuously differentiable density fp with finite
Fisher information. We consider the gross-error neighborhood

Fe={F=(01-¢Fy+eH; HeM} (5.2)

introduced by Huber in [7], where 0 < € < 1 and M is the
set of all symmetric probability measures with finite Fisher
information. First we show that P, is equivalent to the efficacy
& as performance criterion.

Lemma 3: Suppose « = (1/p,---,1/p), that ¢ = {¢,,} is
generated from a sequence of M- or R-statistics according to
(2.4) or (2.7). Then, P (¢, F) is a decreasing function of the
efficacy, £.

Proof: 1t follows from Propositions 1-2 that P, =
Zle 7T,'P(Z¢G,‘|H,‘), with

G = {yemi—argminly - i} 53
J

Let Zo be a random vector with distribution N(0, I,). It
follows then from (4.6) that

P. =Y mP(ZogVE(

=1

Gi — ;)| H,).

Moreover, 0 is an interior_point of the convex set Gi — B
for each 4, and hence, a(G; — Ji;) C b(G i;), whenever
0 < a < b, and this proves the lemma.* O

In order to find minimax decision rules, we introduce F as
the element of F, that minimizes the Fisher information. Its
density is given by

iy [ (=€) fo(z),
flo) = { (1 = €)fo(a) exp (=b(]z| — a)),

|z] > a,

5.4)

4More generally, let ji;(£) and Z‘(E ) denote mean vector and covariance
matrix of Z as a function of £ and suppose also that the transformed decision
regions G (£) depend on €. Then a sufficient condition for Lemma 3 to
remain valid is that P(Zer(E “V2(G(E) — @1;(£))) is an increasing
function of £, fori =1,--.,p

for some a and b depending on Fy and €, chosen so that f
becomes a p.d.f. and —f / f is continuous (cf. [7]). Define

plz) = —log f(x)

and
h(u) = hp(u)

(cf. (3.10)). In particular, when Fy = ®, the standard normal
distribution, 6 equals Huber’s p-function (2.10) and h gives
Jaeckel’s scores defined in Example 2 of Section II. It is shown
by Huber ([7], M-statistics) and Jaeckel ([9], R-statistics)
that the following saddle-point conditions are satisfied (with

b= 0

sszMWh F) :gM(/‘Z)» F)

= o B F),  69)
supf,'R(h F) SR(h )
= jnf £r(h, F), (5.6)
and moreover,
En(, F) = Erlh, F), (5.7)

which follows from the definition of Ay;, Bas, Ag, and Bg.
Let ¢;M and zﬁR denote sequences of M-detectors and R-
detectors respectively, either of minimum distance type (2.4)
or maximum correlation type (2.7) and with p = p or h = h.
(The choice of L is arbitrary since # = (1/p,---,1/p).) We
then have the following minimax result.

Theorem 1: Letw = (1/p,---,1/p). Then the sequences of
decision rules ¢5s and @r defined above satisfy the relations
F)=

inf sup P.(¢, sup Fe(ngv F)
b FeF. FeF.

sup ?e(qua F)a
FeF.

(5.8)

where the uncertainty class F. is defined in (5.2) and the
infimum is taken over all sequences of decision rules.

Proof: 1t follows from Lemma 3 and (5.5)+5.7) that

sup Po(¢ar, F) = Pe(nr, F) = Pe(ér, F)
FeF.
= sup Pe(¢r, F). (5.9
FeF.
Since j(z) = —log f(x), the minimum distance M-detector

coincides with the optimal Bayes decision rule (1.3) at I3
Hence, ¢as minimizes P.(¢,, F') for each n and

inf Pe(g, F)=P.($um, F). (5-10)

(5.9) and (5.10) together prove the theorem. |
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B. General Case

In this subsection, we impose no restrictions on . As
mentioned previously, the regions G(m, L) then depend on
B, which in turn depends on F. We will, therefore, restrict
the uncertainty class to

Fl={F=(1-Fy+cH:HecM'}, (5.11)

where M’ is the subclass of M (cf. (5.2)) of probability
measures with H([—a, a]) = 0, a = a(e. Fy) being the
constant in (5.4). F’ is thus a subclass of F. where con-
tamination is restricted to the tails. The class F | is not a
genuine neighborhood of Fj since Fy itself does not belong
to F .. On the other hand, F—the least favorable distribution
of F.—belongs to F7.

Lemma 4: Let w be arbitrary and let $n; and d)H be defined
as in Section V-A with L arbitrary. Then, P, (d)u F) and
P.(br, F) are identical and constant over F .

Proof: According to Propositions 1-2, ?,,((/A)M. F) de-
pends only on Ay (. F) and Baf(¢. F) and P(¢p. F)
only on Ap(h) and Bg(h, F). Since 1) = —f'/f is skew-
symmetric, a change of variables v = ZF(:Ir) - 1l.aoe >0,

shows that
A.M("]ﬂ Fy= Ag(h).
Moreover, since ’L/;(:E) is constant when || > a(e, Fy),
Au(h, Fy = Au(. F).  VFeF!
follows. Similarly,
Bu(h. Fy = By (4. F),  VYFeF'.

A change of variables plus integration by parts shows that
5 1
Br(h, F) = 2/ L (h(2F(x) ~ 1)) f(2) de
o dzx

where Fe€F .. In particular, putting F' = F gives

h —2/ W' (z dJ‘“‘B?\[(l/}
since v/ is symmetric. The facts that F(x) = F(x) when
lz| < ale, Fy) and R/ (2F(z) — 1) = 0 when = > a(e. Fy)
finally imply
Bgr(h, F) = Br(h. F).  VFeF'.
g

We may now state the minimax robustness result for general
7. The difference from Theorem 1 is only that the uncertainty
class F/ is narrower.

Theorem 2: Let w be arbitrary and let (];}\[ and (f;R be
defined as in Lemma 3 with L = 1. Then,

mf sup P.(¢. F) = sup Pp(qz);u. F)
¢ rer: FeF]
= sup P.(¢r. F), (5.12)
Fer!

with the uncertainty class F . given by (5.11) and the infimum
taken over all sequences of decision rules.

Proof: According to Lemma 4,

F)= sup Fp((f;M- F)

FeF!

=P.($1, F).

sup P.(dg.
Fer!

(5.13)

Since (,BM yields the optimum decision rule for each n (5.10)
holds, which together with (5.13) proves the theorem. ad

VI. TwO-DIMENSIONAL SIGNALS

A. Problem Statement

Let us generalize our hypothesis testing problem to the case
when the observed data are two-dimensional vectors:

H:Y.=aucy+e,. k=1,--n. i=1.---.p,

(6.1)
where Y = (Yi1. Yio), cix = (cik1. Cik2), and ex =
(ex1. ex2). We also assume that the errors e are i.i.d. random
vectors with distribution F'(dz) = f(||z||) dz, which is radi-
ally symmetric, so that 277 f () becomes the p.d.f. of the noise
envelope ||e||. As before, the norming constant «,, approaches
zero as n — >c according to (1.4). Note that the model (6.1)
reduces to (1.1) if we assume that ¢4, and e are independent.
However, this is only true when the marginal distributions of
e are Gaussian. In many radar and communication problems,
(6.1) corresponds to detection of bandpass signals in bandpass
noise.’

We restrict ourselves to generalize the M-detector from
the one-dimensional case. Much of the analysis is analogous,
so we will be rather brief. Let £ = (z;,---.%,) and y =
(y,.-.y,) be given 2 X n-matrices and p: R — R a given
function. Define the M-distance

=3 oz — gl

(6.2)
k=1
and the corresponding minimum distance detector
¢n(Y,) =argmin (D, (Y, —«,¢;,)— L log 7;), (6.3)
where Y, = (Y;.---.Y,) and ¢, = (&1, ,€n). In-
troducing T;?(Xn), a vector with components Tm(Y ) =

D.Y,) - DY, —w¢,) i = 1.---.p, we may rewrite
(6.3) as

oY) = arg mzax(T”[f( 2+ L log m;). 6.4)
The maximum correlation detector takes the form

¢n (Y, )= arg max (TS(Y,) + L log 7;), (6.5)
where

TS(Y,) = auny_ci "u)(Y,‘. - %(y”(:lk>. 6.6)

k=1

3The set-up may easily be generalized to observations in any dimension.
For notational simplicity, we will confinc ourselves to two dimensions. This
case Is also most interesting for applications.
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are the components of the p-dimensional vector TS (Y,,), -
denotes the dot product and w: R? — R? is given by

_ ¥di=lD

i

with i) = p/. We may interpret this detector as one that chooses
¢, in order to maximize the correlation with a transformation
of Y, — %angin. The remark following Lemma 1 holds even
in two dimensions: If the L2-norms of aycin, - - -, QnCpn are
the same, we may replace w(Y,, — 3ang;,,) by w(Y,) in (6.6).

6.7)

B. Asymptotics

As in Section III, we first consider the asymptotic behavior
of the test statistics Tf and Tf . First, we impose a set of
regularity conditions: Suppose that the limits

. L
Oi5 — nlLII;o Ezczk * Cjik (6.8)

k=1
exist and put ¥ = (&ij)f,j=1’ ; = (Gi1,++,0ip), and & =
(611, -, 0pp). Assume also that p is absolutely continuous

with p/ = 1,
0 < A, F) = / e f(r)y(r)? dr
0

— %EHw(e)HQ = E(wi(e))? < oo (6.9)

(with w = (wy, ws)), and

llli_% E|lw(e + &) —w(e)|* = 0. (6.10)

Fu'rther, there exists a B(zj), F),0< B(w, F') < o0, such that
Ew(e+h) = B(s, F)h + o||h|)) (6.11)
holds. Finally,
E(p(lle +h+qll) — p(lle + h — gl|)
—2¢-w(e+h))* = o(|hl® + |lgl*) (6.12)
and
E(p(lle + h +qll) — p(lle + b — gl|)
—2¢-w(e+h)) = o(||hl|* + |lg|l*) (6.13)

hold as [|h|| and |jg|| — O. What is the explicit form of
B(%, F)? First we note that the derivative

el v=lsl - viel)
Dwi=) = T EE T

if 1 is differentiable. If also ¢ is bounded, we can differentiate
under the integral sign in (6.11) to obtain

[DrEw(e + h)lh=0 = EDw(e)

12U |, e
= (B4« By )12

= B(y, F)I,.

I, +

We now proceed and prove asymptotic normality for the test
statistics T2 and T€.

Lemma 5: Let TS and T2 be defined as in Section VI-A
and suppose that (6.8)(6.11) are valid. Then,

TS 4 N(;, K*A(p, F)E) (6.14)
under H;, where
= K*B(y, F) (ai - %a) (6.15)

If also (6.12)6.13) are satisfied, (6.14) holds with TE in
place of TC.

Proof: As in the proof of Lemma 1, we make the
decompositions TS = T,(Il) + T,(f) +T® and T? = TV +
Tf) +T£,3) +T£l4), where the jth component of Tnl), e ,Tﬁf)
under H; is given by

n
Trg) = aanjk -w(ey),
k=1

n
2 1
T,(lj) = OénkEZICjk : (w(ek +an (Cik - '2‘Cjk>)

—w(ex) — Fw (ek + ay, (czk - %Cjk)))v

kid 1
T,(L‘:’») = anZCjk -Ew (ek + an (czk - §Cjk))’

k=1

and finally

n

4
T = (p(llex + aneixll)
k=1

— pller + an(eix — €in)ll)
—Cji; ~w<ek + on (Qk - %c]k)))

By similar arguments as in Lemma 1, it may be shown that

T 4 N(0, K2A(®y, F)E),
T® 4,9,

T — KB, F) (53 - 3.

and
7 g,
under H;, from which the lemma follows. ]



HOSSJER AND METTII: ROBUST MULTIPLE CLASSIFICATION OF KNOWN SIGNALS 603

C. Robust Detectors

Given a sequence of decision rules ¢ = {¢,}5, let
P(¢,, F) symbolize the error probability as in (1.2) and
Pe(¢. F) the lim sup of the error probabilities as in (4.1).
The properties of P, in Section IV carry over directly, since
the asymptotic behavior of TS and Tf is analogous in the
one-and two-dimensional cases according to Lemmas 1 and
5. The only difference is that the quantities A, B, X, etc. are
replaced by their two-dimensional analogies A, B3, and . We
also introduce the two-dimensional efficacy

(. F) = By, F)2JA(4. F). (6.16)
The distribution of the transformed limiting random vector Z
is then given by (cf. (4.6))
Z=AZ)~ N(jy;. £ '1,). (6.17)
under H;, with f; given by (4.7) (replacing X' by Z‘).
Since Propositions 1-2 carry over in particular, we see that
P.(¢. F) only depends on A(v:, F') and B(vp. F) for general
a priori probability vectors . In the special case when ™ =
(1/p,---.1/p), Po(¢, F) only depends on E(v, F).
Let us define the e-neighborhood

F'={F=(1-eFy+ecH:HeM"}

as uncertainty class, where Fy and H are probability mea-
sures on IR2, with Fo(dz) = fo(||z||) de radially symmetric
and absolutely continuous and with each HeAM” radially
symmetric and supported outside a circle of radius a, where
a is a constant to be chosen below in (6.19). In this way,
only tail contamination is allowed. This implies in particular
that FogF ", so 7! is not a genuine neighborhood of Fj
(as in Section V-B). The least favorable distribution in F
with minimal Fisher information does not have exponential
tails (f(r) = Ce~*") as in the one-dimensional case, and
the optimal detector for this distribution would have a rather
untractable form (cf. [8, pp. 229-230]). We rather propose to
start out from F(dz) = f(||:::|\) dz, which has exponentially
decaying tails according to

iy _ J(L=€)folr). 0<r<a.
Jiry = {(1 —€) fola)e = r>a.

This is done by Kassam in [10] when p = 2. The constants

a = a(e, fo) and b = b(e, fo) are chosen in order to make f
a p.d.f. and f'/f continuous at a. Then, define

p(r)y = —log f(r). (6.18)
M) = p(r) = 4]5/(7)
P(r) = §'(r) o
_ =R fo(r). 0<r<a,
- {—fZ(a)/fo(a). r > a, (6.19)

and let ¢ and ¢€ be the sequences of minimum dis-
tance/maximum correlation decision rules with L = 1, p = p,
and ¢ = .

It is easy to see that A(yp, F') = 1 Ep4j(]le||)? is constant
over F”. (Here, Fr denotes expectation when F is the
underlying distribution.) However, as F' varies over F”,

llell

varies between (1 — €)B(¢. Fy) and (1 — )B(¢, Fy) +
ey(a)/2a, so B is not constant over the uncertainty class.
We can, therefore, not proceed along the lines of Section V-B
to prove that ¢ and #C are minimax decision rules in terms
of asymptotic error probability. Not even when the a priori
probabilities are equal and P, depends monotonically on the
efficacy £ do qI)D and (/;C constitute a minimax detector, since
a saddle-point condition of the kind (5.5) is not valid.

Anyhow, ¢P and ¢€ are intuitively appealing as robust
detectors because of the limiting form of ). Moreover, when
¢ is small, B is nearly constant over F /', so that AP and ¢€
are nearly minimax.

B F) = (1= B Fy) + 5eFn (”’“e”)).

VII. MONTE CARLO SIMULATIONS

In this section, we compare some Monte Carlo estimates of
the error probabilities P.(¢n. F') with the asymptotic formulas
derived in Section IV. We performed 30000 simulations for
each combination of signal configuration, noise distribution
and detector. The following signal configuration/noise distri-
bution/detectors were used.

1) Signal Configurations: One-dimensional signals, p = 2,
e = 0,

1 .
cor = ———=(1 — (=1)¥p). =05 (S1)
V1+p?
One-dimensional signals, p = 4,
2rk a4
ik = V2 sin (L n T). (S2)
n 2
Two-dimensional signals, p = 2, ¢), = (0, 0),
27h 27k
Cop = ((:os ZL sin Lk> (S3)
n n
Two-dimensional signals, p = 4,
2wk ] 2k ]
cir = | cos =l + m . sin sl + Y. (S4)
n 2 n 2

2) Noise Distributions: The simulated noise distributions
are a mixture of normal distributions (CN (e, o%)-Contami-
nated Normal) with density functions

F(2) = (1= pla) + ep(a/o) (7.1
in one dimension and
f(z) = (1 ~ e)pl{rr)p(ra) + ep(r1/o)p(x2/0) (7.2)

in two dimensions, ¢ being the p.d.f. of the standard normal
distribution.



604 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 39, NO. 2, MARCH 1993
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Fig. 4. Mean vectors f; and decision regions G; for signal configurations.
(2) (S1) and (83). (b) (S2) and (S4).

3) Detectors: The detectors considered are grouped into
four categories: MD, MC, RD, and RC. The first letter
indicates distance type, the second stands for either minimum
Distance or maximum Correlation. For MD detectors the
Huber functions p, (cf. (2.10)) have been used and for MC
detectors ¥, = p,. For a = 0 we write |x| for p and sgn for
1 and for a = co we let z? denote p. The score functions
utilized for R-distances have either been the van der Waerden
normal scores (h = ®~1), truncated normal scores (h = hs)
or Wilcoxon scores (h = hy,). (See Example 2.)

Next, we describe the calculation of asymptotic error proba-
bilities. The error probability P.(¢,, F') may be approximated
by P.(¢, F), which is given by (4.13), with decision regions
Gi(m, L) according to (4.17) and the distribution of the limit
random vector Z under each hypothesis given by (4.6) in the
one-dimensional case and by (6.17) in two dimensions. We
suppose equal a priori probabilities, so we may put L = 0
in the detector (2.2), (2.5), (6.3), or (6.5). Assuming that the
signals repeat themselves in periods equal to the length of the
simulated signals, it is easy to see (cf. (C)) that

1
Y= ECI”C" (7.3)
in the one-dimensional case with n equal to the length of the
simulated signals. A similar truncation of (6.8) is possible for

two-dimensional signals when X' is to be calculated. Hence,
we obtain

P.(¢, F) = %ZP(ZiGi(w, 0)). (7.4)

=1

with 5 (or %) as given above. We illustrate the calculation
of P, for each of the studied signal configurations (S1)—(S4)
next and in Fig. 4.

10

(S1) In this case, X' = 0 0)

fia = 0, from which it follows that

g =1, 4 = K, and

P.(¢, F) = Q(KVE/2), (7.5)

where Q(z) = 1 — ®(z) the upper tail probability of a random
variable with standard normal distribution and £ is the efficacy

(cf. (4.8)).

(S2) For this signal configuration,
1 0 -1 0
0 1 0 -1
-1 0 1 0
0 -1 0 1

r= (7.6)

and ¢ = 2. The two nonzero eigenvalues of X are equal
to two, so the choice of A is not unique as mentioned in
Section IV. One choice gives iy = K (1, 0), g2 = K(0, 1),
i3 = K(-1,0), and iy = K(0, —1); so that

Po(¢, F)=1-(1- Q(K\E/2))? (1.7)

follows.
(S3) In this case 3= ((1) 8), g=1, 4 = K, and

fi2 = 0, from which

P.(¢, F) = QKVE)2) (7.8)

follows, with & equal to the efficacy in two dimensions (cf.
(6.16)).

(S4) Here, X is given by (7.6) and ji; — ji4 are the same
as for (S2). This gives

Po(¢, F)=1-(1- Q(K\/£/2))%. (7.9)

The results of the Monte Carlo study are shown in Tables
I-VI and Fig. 5. The simulated error probabilities are given in
% with 95% confidence intervals. Table I gives an example that
the enhanced performance with robust detectors in impulsive
noise is more evident for two-dimensional signals than for
one-dimensional signals. Table II gives an example of the
effect of increasing the number of possible signals p from
two to four. For the signal configurations (S1) and (S2),
the error probability is almost doubled when the nearest
neighbor distance (between different fi,) is the same. Table III
compares the performance of minimum distance and maximum
correlation detectors for various signal configurations. The
minimum distance detectors seem to be slightly better. This
is clear for MD |z| compared to MC sgn, but for the other
detector pairs the difference is not so obvious. Table IV and V
compare the performance of the detectors in various types of
noise. The MD p; 5 detector has the best performance, closely
followed by MC 4, 5. The Euclidean distance MD 22 has only
a little better performance for Gaussian noise but catastrophic
characteristics for impulsive noise. The rank-based detectors
behave relatively well, especially the Wilcoxon detector, which
has better performance than the other rank-based detectors
in impulsive noise. The MD |z| detector has relatively low
error probabilities for impulsive noise and finally MC sgn has
relatively bad performance for all noise distributions.

Let us now discuss the agreement between the simulated
finite sample error probabilities and the asymptotic error prob-
abilities. About half of the 106 asymptotic error probabilities
lie outside the 95% confidence intervals, so there is certainly
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TABLE 1 TABLE 1V
ERROR PROBABILITIES (IN %) FOR ONE- AND TwO-DIMENSIONAL SIGNALS ERROR PROBABILITIES (IN %) For VARIOUS
DETECTORS AND NOISE DISTRIBUTIONS
Two signals Four signals
1 dim 2 dim 1 dim 2 dim Noise distribution CN(¢, %)
(S (83) (82) (84 e=0 €e=005 =025 €e=0.1
Detector K=15 K=\/E K =20 K =20 Detector o=1 oc=3 o=3 o=10
Theor 9.83 9.83 11.06 11.06 Theor 0.62 2.06 11.06 36.54
MD x?2 MD x?
Sim 952 +£ 033 9.63 + 0.33 10.81 + 0.35 11.03 £+ 0.35 Sim  0.67 +£ 0.09 2.20 + 0.17 10.81 £ 0.35 31.64 £ 0.53
Theor 4.78 4,20 4.08 3.41 Theor 0.72 1.10 4.08 2.28
MD p, 5 MD p, 5
Sim 506 + 025 4.14 + 023 424 + 023 380+ 0.22 Sim 0.78 +£ 0.10 0.94 + 0.11 4.24 + 0.23 245 £ 0.17
Theor 6.85 493 6.74 427 Theor 0.72 1.10 4.08 2.28
MD !x! MC ¢, 5
Sim 580 +£ 026 453 +0.24 477 +£ 024 398 + 0.22 Sim  0.72 £ 0.10 1.12+ 0.12 4.64 + 0.24 2.60 + 0.18
Theor 2.87 3.44 6.74 4.62
Positioning of fi;, -, i, is the same for (S1) and (S3) and also the Mp 1y
same for (S2) and (S4). F = CN(0.25,32) and n = 30. Sim 131+ 013 182+ 015 477 +024 292+ 0.19
Theor 287 3.44 6.74 4.62
MC sgn
TABLE Il Sim 238+ 0.17 3.13+0.20 654+ 028 442+ 023
ERROR PROBABILITIES (IN %) FOR ONE-DIMENSIONAL Theor 0.62 1.29 6.21 4.79
SIGNALS WHEN p = 2 AND p = 4, RESPECTIVELY RD &!
Sim  0.67 £ 0.09 127+ 0.13 692 + 029 498 +£0.25
Two Four Theor  0.72 1.09 4,60 2.46
signals signals RD 4,
(S1) (S2) T Sim 069 +£0.09 1.13+012 585 +027 3.60 + 021
Detector K =420 K =10 Theor 0.74 1.14 4.41 2.51
RD A
Theor 9.83 18.70 " Sim  0.68 £ 0.09 1.17 £ 0.12 504 £ 025 324 £ 020
MD _,['2 ~ . . .
Sim 9.52 + 0.33 17.80 + 0.43 Signal configuration (S2) is used with K = Y15 and n = 30.
Theor 4.78 9.33
MD p, 5 TABLE V
Sim 5.06 £ 0.25 9.73 + 0.34 ERROR PROBABILITIES (IN %) FOR VARIOUS
Theor 5.20 10.14 DETECTORS AND NOISE DISTRIBUTIONS
RD A
. Sim 5.67 £ 0.26 11.47 + 0.36 Noise distribution CN(e, o?)
The amplitude K is V2 times larger for (S1), so that min, , || &, — il Detector ;Z(; EU::O'25 €;=0‘§5 ;::013
is the same for both signal configurations. Hence, P, (55 =1 —(1 = ;
P si)t = 2P, 51 F = CN(0.25.3%) and n = 30. Theor  0.64 2.06 11.06 36.54
MD x*
Sim  0.60 + 0.09 232+ 0.17 11.03 4+ 0.35 33.28 + 0.53
TABLE il Theor 0.76 1.07 3.41 1.83
ERROR PROBABILITIES (IN %) FOR MINIMUM DISTANCE AND MD p,
MAXIMUM CORRELATION DETECTORS THAT THEORETICALLY Sim 075 £ 0.10 1.15 £ 0.12 3.80 £ 0.22 2.09 + 0.16
HAVE THE SAME ASYMPTOTIC ERROR PROBABILITY. Theor 0.76 1.07 341 1.83
MC i 5
(S1) (S2) (S3) (S4) Sim  0.74 £ 0.10 1.15 £ 0.12 356 + 021 194 + 0.16
Detector K= V20 K=415 K =20 K=1y15 MD L Theor 1.52 1.89 427 2.70
Theor 1.90 1.10 1.86 1.07 Sim 122 £ 0.12 154 £ 0.14 398 + 022 246 + 0.18
MD p, 5 Theor 1.52 1.89 427 2.70
Sim 1.92 £ 0.16 094 + 0.11 204 + 016 1.15+ 0.12 MC sgn
Theor 1.90 1.10 1.86 1.07 Sim 141 +0.13 176 £ 0.15 430+ 023 277 +0.19
MC ¥ 5 . . . ;
Sim 195+ 0.16 1.12+0.12 246 + 0.18 1.15 + 0.15 Signal configuration ($4) is used with K = Y15 and n = 30.
Theor 4.22 3.44 2.77 1.89
MD !x!
Sim 300+ 019 182+015 262+ 0.18 154 +0.14 . . crees
Theor 422 344 277 189 in Table VI Th‘IS table shows' how the error probabilities
MC sgn depend on n for signal configuration (S2) and various detectors
Tiim 4-351%40-23 3~13li;40~20 362+ 021 176 £ 015  jn impulsive noise (CN(0.25, 32)). The convergence to the
RD /. eor ' i asymptotic error probability is quite clear but slow for some
Sim 188+ 0.16 117 £ 0.12 — — detectors, MD |z| and RD h; 5. Next, Fig. 5 shows that the
RC A Theor 1.94 114 - - agreement with the asymptotic values is greater for smaller
" sim 198 +0.16 120+ 0.12 — — amplitudes K, which is natural since the convergence to a

a significant deviation from the asymptotic values for some
detectors/noise distributions/signal configurations. This is due
to the finite signal length, which in most cases was 30, except

normal distribution for test statistics is usually slower in the
tails. Moreover, the relative error of the estimates is roughly
proportional to 1/\/P, for low error probabilities. The simu-
lated error probabilities are further away from the asymptotic
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TABLE VI
SiMULATED ERROR PROBABILITIES (IN %) FOR VARIOUS SIGNAL
LENGTHS COMPARED To THE (THEORETICALLY) ASYMPTOTIC

Signal length (r)

Detector 10 30 60 100 £

MD x? 10.72 + 038 11.05 £ 0.35 10.94 + 0.35 10.92 + 0.35 11.06
MDp,s 558+026 444 +023 4461023 431+023 4.08
MD !x! 534 +025 476+024 523+025 5351025 674
MDA, s 7304029 551+026 527+025 5071025 4.60

Signal configuration (S2) is used with K

Error probability

104

-5 1 L "
10 1 2 3 4 5 6 7 8
Signal Amplitude K
Fig. 5. Asymptotic (solid lines) and simulated error probabilities for various

signal amplitudes K. The signal configuration is (S2) with n = 30 and
F = CN(0.25. 32).

values for impulsive noise (CN(0.1, 10?) and CN(0.25, 3%)).
This is particularly clear for the rank-based detectors. As
far as detector types are concerned, the agreement between
simulated and asymptotic values is relatively good for all
detectors except one—the MD |z|-detector. This discrepancy
is actually beneficial, since the simulated error probabilities
are constantly lower than cxpected The reason for this is
probably that the statistic T S converges in distribution to
0 rather slowly because of the discontinuity of p’(x) at zero.

APPENDIX

Proof of Lemma 1: Let i indicate that H; is true, and define
first the vectors T, 0 = (T(') (l)) I=1,---,4, by

)

= B (s oo 1)

=15 and F = CN(0.25,3%).

and

5l )
e K-on)

§¢( s % (e 30))).

for j = 1,---,p. It follows then from the definitions of Tﬁ,’n
and T?,,’n that Tf,,m = Tfll) + -+ Tsls) and T?/I,n =
T 4 - +TP.

From Lemma A.1 and (C) we obtain
TV 4 N0, K2Am (4, F)5).
The components of T'? satisfy (since Ev(e) = 0)
E(T(Z))2 var T(Z)

< 7;(@ [+ ) - @) dF(@)).

(A1)

where

he,n=—=|cit — lc‘
k,n — \/ﬁ ik 2 LB
Since (C) implies that

lim max —
n—ool<k<n \/_

(ct. ES Theorem A10]), it follows from (C) and (3.2) that
E(T'*)? = 0 as n — oo and hence,

i=1,-,p (A2

nj

T® 20, (A3)

by Chebyshev’s inequality. Next, we may expand the compo-
nents of T¢) as

K n
T® = — c-k/d) z + hi ) dF (z
n = TRtk | Wt ) ()
and it follows from (C), (3.3), and (A.2) that

1
1) = K*Bu (4, F) (Gz‘j - 5%’)

(A4)

as m — o0, or equivalently

T — K*Bu(¥, F) <a¢ - %a) = ;. (A5)

Finally, for T£L4) we treat the variance and mean separately,
yielding

VarTn(l;) < Z/(p(m + hk,n + Qk,n)
k=1

- P((E + hk,n - (Ik:,n)
- 2(]k, n/l/)(-r + hk, n))2 dF(I),

where

I\Dit—‘

K. .
Tt
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and

k=1

— /)(.T =+ hk,n - qk, n)
- 2(]]“"7,/)(1' + hk n)) dF(?T)

It follows from (C), (3.4), and (3.5) that varT{? — 0 and
ET,(:;) — 0 as n — oo and hence, by Chebyshev’s inequality

T 2,0, (A.6)

Slutsky’s Lemma now yields the asserted asymptotic normality
for TSy ,, and T%y .. O

Proof of Lemma 2: Observe that

Tg.n = K(Snl(01)~"'~57m(0p))s (A7)

where S,,;(8;) is the jth component of S, (6;) in (A.18) and
0, = —K(u; — %'u.j) under H;. It then follows from Corollary
A.1 and (C) that

1
TG, — K8.(0) % K*Bg(h. F) (m - 5(,—) =p,. (AS8)

Since

KS,(0)-% N(0, K2Ar(h)X). (A.9)

again according to Corollary A.1, the convergence result
for Tg,n follows from Slutsky’s Lemma. In order to prove

asymptotic normality for TX | we introduce

Qu(en —0C.) = Dy(en) — VS, (0)
+;lBR(h,. F0%8. (A.10)

which is a quadratic approximation of D,, around 0, and

T:L = (Qn(Yn) - Qn(Yn - an61n). RN
Qn(yn) - Qn(Yn — (Yncpn)),

Inserting (A.10) into (A.11) yields

(A.11)

T, = KSn(0) + p;
under H;, from which

T;, % N, K*An(h)X) (A12)
follows (Corollary A.1). It remains to show that T, is close
to Tﬁn, which is a consequence of (), being close to D,,.
Actually,

T, -TR , >0 (A.13)
follows easily from applying Lemma A.3, with @ taking the
values —Ku;, —K{u; —u1),---, —K(u; — up), respectively.
The asymptotic normality of Tg’ ,, follows then from (A.12)
and (A.13). O

Lemma A.1: Lete;, i =1, 2,--- be ii.d. random variables
with Ee; = 0, Ee? = ¢ and put

1
No

where e, = (e1,---,e,) and C, satisfies (C). Then, there
exists a random vector Z such that

S:(Sl,--~,Sp)= encna

S-4LZ~ N0, 0%%) (A.14)

as n — oo.
Proof: According to the “Cramer-Wold device,” it is
enough to show that

AS" 5 AZ" ~ N(0, a2AZX) (A.15)

as n — oo for each A€RR”. When AN > 0, (A.15)
follows from the Lindeberg—Feller central limit theorem, see
for instance [5], Theorem A.12. When AX'A" = 0 we have

as n — 00,

!
E(AS)? = 02,\%,\’ -0,

because of (C). Chebyshev’s inequality then gives (A.15). O

Lemma A.2: Let {zx} and {z;} be sequences of real
numbers such that

1 n
lim =) "z} = Ay,
n—oc N

k=1
1 n
lim — 5 28 = Ag,
n—oo N
k=1

and

hold with finite limits. Put

Sa(K) = %Zxk sgn(ek + %zk) an (R (K)),
k=1 )

with R}, (K) being the rank of |ex + Kzi/(v/n)| and an(-)
defined as in Example 2. Then,

8,(0) -4 N(0, Ar(h)A1) (A.16)

and

Sa(K) — 5,(0) 2+ KX\3Bgr(h, F) (A.17)

as n — oc, with Ar and Bg as defined in (3.8)+3.9).

Proof: Formula (A.16) may be proved exactly as in (3,
Theorem V.1.7] (where the case z = 1 is treated), and (A.17)
follows from e.g., [17, Theorem 3.2]. 0
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Corollary A.1: Let

1 o 1 N
Sn(0) = ﬁ;ck sgn (ek - %0 . ck>an(Rnk(G)),

(A.18)
where ¢k = (C1k, -, Cpk)s R:k is the rank of |ex, —8-¢x//n|

and a,(-) is defined as in Example 2. Then,
5,(0) % N(0, Ar(h)%) (A.19)

and

S.(8) — S,(0) 2 —Bg(h, F)8%. (A.20)

Proof: According to the “Cramer—Wold device,” (A.19)
follows once we show

AS,(0) = <= "desn(en)on (R14(0)
k=1

4, N(0, Ag(h)AZX),

for each A€IR? and with di = Acj. But this is immediate
from (A.16), since

In the same manner, (A.20) follows from (A.17). |

Lemma A.3 Let Q, (cf. (A.10)) be the quadratic approxi-
mation of the rank-distance Dpg, , (cf. (2.11)). Then,

DR,n(en - %00;) - Qn(en -

for each #cR?.
Proof: Put

1
—ec, ) X
Vn ") *

(A21)

Rem (8) = Dp,» (en - %00;) - Qn (en - %06’;).

Then, according to (A.20)

ORO) = —5,(0) + 5,(0) - Balh, )05 -0,

(A22)
for each eR?, with 37 defined as in Corollary A.1. It follows
as in [4, proof of Lemma 3.1}, that (A.21) and (A.22) are

actually equivalent. The proof makes use of the fact that

Dg, (e, — 1//n0C,,) is a convex function of 8, which in
turn is a consequence of that Dg, , defines a norm in R”
whenever the scores an(1),---,an(n) are nonnegative and
nondecreasing (cf. [14, Theorem 2.1]). 0O
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