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WHAT OSTERBERG’S POPULATION THEORY
HAS IN COMMON WITH PLATO’S

Gustaf Arrhenius

1. Introduction

Jan Osterberg is one of the pioneers in the field of population ethics. He started
thinking about this issue already in the late 60s and he has developed one of the
most original and interesting population axiologies. I’ve discussed the
problems and drawbacks of Osterberg’s theory elsewhere, and I don’t think that
this is the place and time to discuss them again.ﬂ Rather, I shall show that
Osterberg’s theory has a feature in common with the population axiologies of
such luminaries like Plato, Aristotle, Kant, Nietzsche, Wittgenstein and
Heidegger, had they developed such a theory: None of these theories
simultaneously satisfy five weak adequacy conditions. We shall show this by
proving that no population axiology satisfies these five conditions. As a fringe
benefit, this theorem also shows that the on-going project of constructing an
acceptable population axiology has very gloomy prospects. 3

2. The basic structure

For the purpose of proving the theorem, it will be useful to state some defini-
tions and assumptions, and introduce some notational conventions. A [ife is in-
dividuated by the person whose life it is and the kind of life it is. A population

I See Osterberg (1992) and (1996).

2 See Arrhenius (2000a), ch. 8, section 8.5.

3 This theorem first appeared in Arrhenius (2000a). It is a development of the results
presented in Arrhenius (1999ab, 2000b). The difference between the present theorem and my
earlier contributions, and those of Parfit (1984), Ng (1989), and Blackorby and Donaldson
(1991), is that it invokes intuitively more compelling and logically weaker conditions (for
example, it doesn’t involve any version of the controversial Mere Addition Principle), weaker
measurement and ordering assumptions (a quasi-ordering of lives and populations is
sufficient), and less undefined welfare concepts (for example, we don’t invoke concepts such
as “very high welfare” or ““a life barely worth living”).
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is a finite set of lives in a possible world.}] We shall assume that for any natural
number n and any welfare level X, there is a possible population of n people
with welfare X. Two populations are identical if and only if they consist of the
same lives. Since the same person can exist (be instantiated) and lead the same
kind of life in many different possible worlds, the same life can exist in many
possible worlds. Moreover, since two populations are identical exactly if they
consist of the same lives, the same population can exist in many possible
worlds. A population axiology is an “at least as good as” quasi-ordering of all
possible populations, that is, a reflexive, transitive, but not necessarily complete
ordering of populations in regard to their goodness.

A, B, C,... A, A,,..., A, AUB, and so on, denote populations of finite size.
The number of lives in a population X (X’s population size) is given by the
function N(X). We shall adopt the convention that populations represented by
different letters, or the same letter but different indexes, are pairwise disjoint.

The relation “has at least as high welfare as” quasi-orders (reflexive, transi-
tive, but not necessarily complete) the set | of all possible lives. A life p; has
higher welfare than another life p, if and only if p, has at least as high welfare
as p, and it is not the case that p, has at least as high welfare as p,. p; has the
same welfare as p, if and only if p; has at least as high welfare as p, and p, has
at least as high welfare as p;. We shall say that a life has neutral welfare if and
only if it has the same welfare as a life without any good or bad welfare-
components, and that a life has positive (negative) welfare if and only if it has
higher (lower) welfare than a life with neutral welfare.

By a welfare level A we shall mean a set such that if a life a is in A, then a life
b is in A if and only if b has the same welfare as a. In other words, a welfare
level is an equivalence class on | . Let a* be a life which is representative of the
welfare level A. We shall say that a welfare level A is higher (lower, the same)
than (as) a level B if and only if a* has higher (lower, the same) welfare than
(as) b*; that a welfare level A is positive (negative, neutral) if and only if a* has
positive (negative, neutral) welfare; and that a life 5 has welfare below (above,
at) A if and only if b has higher (lower, the same) welfare than (as) a*.

We shall assume that Discreteness is true of the set of all possible lives | or
some subset of | :

4 For some possible constraints on possible populations, see Arrhenius (2000a), ch. 2.
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Discreteness: For any pair of welfare levels X and Y, X higher than VY,
the set consisting of all welfare levels Z such that X is higher than [,
and / is higher than Y, has a finite number of members.

The statement of the informal version of some of the adequacy conditions
below, for example the Quantity Condition, involve the not so exact relation
“slightly higher welfare than”. In the exact statements of those adequacy condi-
tions, we shall instead make use of two consecutive welfare levels, that is, two
welfare levels such that there is no welfare level in between them. Discreteness
ensures that there are such welfare levels. Intuitively speaking, if A and B are two
consecutive welfare levels, A higher than B, then A is just slightly higher than B.
More importantly, the intuitive plausibility of the adequacy conditions is
preserved. Of course, this presupposes that the order of welfare levels is fine-
grained, which is exactly what is suggested by expressions such as “Jan is
slightly better off than Gert” and the like.}| Notice that Discreteness doesn’t ex-
clude the view that for any welfare level, there is a higher and a lower welfare
level (compare with the natural numbers).

Given Discreteness, we can index welfare levels with integers in a natural
manner. Discreteness in conjunction with the existence of a neutral welfare
level and a quasi-ordering of lives implies that there is at least one positive
welfare level in | such that there is no lower positive welfare level.flLet W\, W..
Ws,... and so forth represent positive welfare levels, starting with one of the
positive welfare level for which there is no lower positive one, such that for any
pair of welfare levels W, and W,..1, Wn1 is higher than W, and there is no welfare
level X such that Wy, is higher than X, and X is higher than W,. Analogously, let
W.;, W.», W.;,... and so on represent negative welfare levels. The neutral welfare
level is represented by W,.

A welfare range P(x, y) is a union of at least three welfare levels defined by
two welfare levels Wy and Wy, x < y, such that for any welfare level W,, W, is a
subset of P(x, y) if and only if x < z < y.ﬂ We shall say that a welfare range
P(x, y) is higher (lower) than another range P(z, w) if and only if x > w (y < z);
that a welfare range P(x, y) is positive (negative) if and only if x > 0 (y < 0); and

S For a defense of the plausibility of Discreteness, see Arrhenius (2000a), ch 10, section 9.

6 There might be more than one since we only have an quasi-ordering of lives, that is, there
might be lives and thus welfare levels which are incommensurable in regard to welfare.

7 The reason for restricting welfare ranges to unions of at least three welfare levels, as
opposed to at least two welfare levels, is that this restriction allows us to simplify the exact
statements of the adequacy conditions.
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that a life p has welfare above (below, in) R(x, y) if and only if p is in some W,
suchthatz>y (z<x,y=z2>x).

3. Adequacy conditions
We shall make use of the following five adequacy conditions:

The Egalitarian Dominance Condition: 1f population A is a perfectly
equal population of the same size as population B, and every person
in A has higher welfare than every person in B, then A is better than
B, other things being equal.

The Egalitarian Dominance Condition (exact formulation): For any
populations A and B, N(A)=N(B), and any welfare level W,, if all
members of B have welfare below W,, and AcW,, then A is better than
B, other things being equal.

The General Non-Extreme Priority Condition: There is a number n of
lives such that for any population X, and any welfare level A, a popu-
lation consisting of the X-lives, n lives with very high welfare, and
one life with welfare A, is at least as good as a population consisting
of the X-lives, n lives with very low positive welfare, and one life
with welfare slightly above A, other things being equal.

The General Non-Extreme Priority Condition (exact formulation):
For any W,, there is a positive welfare level W,, and a positive welfare
range P(1, y), u >y, and a number of lives n > 0 such that if AcW,, x >
u, B&P(1, y), N(A)=N(B)=n, CcW,, DcW,.;, N(C)= N(D)=1, then, for
any E, AUCUE is at least as good as BUDUE, other things being
equal.

The Non-Elitism Condition: For any triplet of welfare levels A, B, and
(, A slightly higher than B, and B higher than (, and for any one-life
population A with welfare A, there is a population C with welfare (,
and a population B of the same size as AUC and with welfare B, such
that for any population X consisting of lives with welfare ranging
from ( to A, BUX is at least as good as AUCUX, other things being
equal.

The Non-Elitism Condition (exact formulation): For any welfare
levels W,, Wy, x-1 > y, there is a number of lives n > 0 such that if
AcW,, N(A)=1, BcW,, N(B)=n, and CcW,.;, N(C)=n+1, then, for any
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DcP(y, x), CuUD is at least as good as AUBUD, other things being
equal.

The Weak Non-Sadism Condition: There is a negative welfare level
and a number of lives at this level such that an addition of any number
of people with positive welfare is at least as good as an addition of the
lives with negative welfare, other things being equal.

The Weak Non-Sadism Condition (exact formulation): There is a wel-
fare level Wy, x < 0, and a number of lives n, such that if AcW,,
N(A)=n, BcW,, y > 0, then, for any population C, BUC is at least as
good as AUC, other things being equal.

The Weak Quality Addition Condition: For any population X, there is
at least one perfectly equal population with very high welfare such
that its addition to X is at least as good as an addition of any popula-
tion with very low positive welfare to X, other things being equal.

The Weak Quality Addition Condition (exact formulation): For any
population C, there are two positive welfare ranges P(x, w) and
P(1,y), x>y, and a population size n such that if AcW, z > x,
N(A)=n, BcP(1, y), then AUC is at least as good as BUC, other
things being equal.

4. The impossibility theorem

The Impossibility Theorem: There is no population axiology which
satisfies the Egalitarian Dominance, the Non-Elitism, the General
Non-Extreme Priority, the Weak Non-Sadism, and the Weak Quality
Addition Condition.

Proof. We shall show that the contrary assumption leads to a contradiction. We
shall first prove two lemmas to the effect that the Non-Elitism and the General
Non-Extreme Priority Condition each imply another condition. Then we shall
show that there is no population axiology which satisfies these two new condi-
tions in conjunction with the Egalitarian Dominance, the Weak Non-Sadism,
and the Weak Quality Addition Condition.
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4.1. Lemma 1
Lemma 1: The Non-Elitism Condition implies Condition [:

Condition [ For any triplet W,, W, W, of welfare levels, x >y > z, and
any number of lives n > 0, there is a number of lives m > n such that if
AcW;, N(A)=n, BcW,, N(B)=m, and CcW,, N(C)=m+n, then, for any
DcP(z, y+1), CUD is at least as good as AUBUD, other things being
equal.

We shall prove lemma 1 by first proving
Lemma 1.1: The Non-Elitism Condition entails Condition o.
Condition o For any welfare levels W,, Wy, x-1 > y, and for any
number of lives n > 0, there 1s a number of lives m = n such that if
AW, N(A)y=n, BcW,, N(B)=m, CcWy.;, N(C)=m+n, then, for any

DcP(y, x), CuUD is at least as good as AUBUD, other things being
equal.

Proof: Let
(1) Wy and W, be any welfare levels such that x-1 > y;
(2) n be any number of lives such that n > 0;

(3)  p >0 be a number which satisfies the Non-Elitism Condition for
Wy and W,.

Let Ay,..., Api1, Bi,..., Bug, and C,,..., C,, be any three sequences of popula-
tions satisfying

@) AcWg NA)=1 foralli, | <i<n; Apn=;

(5) BicW,; N(B:)=p, for all i, 1 <i < n; B, 1=;

6)  CiWyr; NC)=p+1, for all i, 1 <i < n; Co=.
Finally, let

(7) D be any population such that DcP(y, x).
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Diagram 1

The above diagram shows a selection of the involved populations in a case
where n > 6. Dots in between two blocks indicate that there is a number of same
sized blocks which have been omitted from the diagram. Population D is
omitted throughout.

Since Wy and W, can be any pair of welfare levels separated by at least one
welfare level, and D can be any population consisting of lives with welfare
ranging from Wy to W,, and M(A,U...UA,)=n (by (4)) can be any number of lives
greater than zero, and N(B,u...UB,)=np = n (by (5)), we can show that lemma
1.1 is true by showing that C,u...uUC,UD is at least as good as
AU...UA,UB U...UB,UD. This suffices since Ay,..., Asi1, Bi,..., Bat1, Cis...s
C,, and D are arbitrary populations satisfying (4)-(7).

It follows from (3)-(6) and the Non-Elitism Condition that

(8) C,UE is at least as good as A;UB;UE for all i, 1 <i<nand
any ECP(y, x)
and from (4)-(7) that
(9) A UL .UA 1 UB UL . UB UCU. . .UC; uDcR(y, x)
foralli, 1 <i<n.

Letting E=A;;1U...UA,1UBU...UB,UCL...UCi,;UD, (8) and (9) imply
that
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(10) CiU[AiU...UA1UB UL .UBUC U...UC;, UD]
is at least as good as
AjUBU[A1U...UA, 1 UB UL . .UB,UCL...UC;uD] for

all i, 1 <i<n (see Diagram 1).
Transitivity and (10) yield that

(11) ChUAL 1 UBUCU...UC,1UD is at least as good as
AjUBjUALU...UA,.1UBU...UB, juCyuD

and since A,,;=B,,1=Co=0 (4-6), line (11) is equivalent to (see
(12) Cyu...uUC,UD is at least as good as
ALU...UA,UBU...UB,UD.
Q.E.D.
To show that Lemma 1 is true, we now need to prove

Lemma 1.2: Condition o entails Condition [3.

Proof. Let
(1) W, Wy, W, be any three welfare levels such that x > y > z;
(2) r=Xx-y.

Let Ay,..., A and By,..., B,y be any two sequences of populations, ms,,..., m;,
any sequence of integers, and f'a function satisfying

(3) mo > 0;

4) f(m)=mgtm+...+m;, forall i, 0 <i<r,

(5) m; 2 f(mi.) satisfies Condition o for Wy..1), W,, and fim;,)
foralli, 1 <i<r;

(6) AiCWx-(i-l), N(Ai)=f(mi_1) for all i, 1<i< I”+];

(7) BicW,, N(B;)=m;, for all i, 1 <i <r; B,=Q.

Finally, let
(8) D be any population such that DcP(z, y+1);
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Diagram 2

The above diagram shows a selection of the involved populations in a case
where r > 4. Population D is omitted throughout.

We can conclude from (3)-(7) that N(B,u...UB;) > my=N(A,). Consequently,
since Wy, W,, and W, can be any welfare levels such that x >y >z, and D can be
any population consisting of lives with welfare ranging from W, to Wy.;, we can
show that Condition o implies Condition 3 by showing that A..;UD is at least
as good as A;UB,u...UB,UD. This suffices since Ay,..., Ay, By,..., B, and D
are arbitrary populations satisfying (6)-(8).

From (3)-(7) and Condition o, it follows that

9) A;+UE i1s at least as good as A;UB;UE forall i, 1 <i<rand
any EcP(z, y+1).
and from (7) and (8) that

(10) Bi+U...UBUDCP(z, y+1) forall i, 1 <i<r.
Consequently, letting E=B;,;U...UB1UD, (9) and (10) imply that

(11) A U[BiU...UBUD] is at least as good as

AjUBU[B;:1U...UBUD] forall i, 1 <i<r(see .
Transitivity and (11) yield that
(12) A1 UB.1UD is at least as good as A;UB;U...UBUD

and since B,.; =@ (7), line (12) is equivalent to (see
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(13) A;1UD is at least as good as A;UB,U...UB,UD. Q.E.D.

It follows trivially from lemma 1.1 and 1.2 that lemma 1 is true. Q.E.D.

4.2. Lemma 2

Lemma 2: The General Non-Extreme Priority Condition implies
Condition 9.

Condition &: For any W,, z < 0, and any number of lives m > 0, there is
a positive welfare level W,, and a positive welfare range P(1, y), u > y,
and a number of lives n > 0 such that if AcW,, x >u, BcP(1, y),
N(A)=NB)=n, CcW,, DcW;, N(C)=N(D)=m, then, for any E,
AUCUE is at least as good as BUDUE, other things being equal.

We shall prove lemma 2 by first proving

Lemma 2.1: The General Non-Extreme Priority Condition implies
Condition .

Condition ’: For any W,, z < 0, there is a positive welfare level W,, and
a positive welfare range P(1, y), u > y, and a number of lives n> 0
such that if AcW,, x > u, B&P(1, y), N(A)=N(B) =n, CcW,, DcW;,
N(C)=N(D)=1, then, for any E, AUCUE is at least as good as
BUDUIE, other things being equal.

Proof: Let

(1) W, be any welfare level such that z < 0;

(2) r=3-z;

(3) W.; be a positive welfare level, P(1, v;) be a positive welfare
range, and »; a number of lives which satisfy the General Non-
Extreme Priority Condition for WZ+(1_1) foralli, 1 <i<r;

4) W, be a welfare level such that u equals the maximal
elementin {u;: 1 <i<r};

(5) W, be a welfare level such that x > u;

(6) v be a number such that y equals the minimal element in

{ViIISiSI’}.

Let Ai,..., A4y, Bg,..., B, and C,,..., C.;, be any three sequences
populations satisfying

(7) AicWy, N(A)=n;, forall i, 1 <i<r; A1 =;

(8) B,cR(1, y), N(B))=n;, for all i, 1 <i <r; By=;

(9) CiCWz+(i-l), N(Ci)zl, for all i, 1 <i<rtl.

of
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Finally, let
(10)  E be any population.

W e N N '

A,...A, C,|A,...A, B, C, |A,...A,B,B,C, |A, B,..B,C, | B..B, C

Diagram 3

The above diagram shows a selection of the involved populations in a case
where r > 4. Population E is omitted throughout.

Since W, can be any negative welfare level (by (1)), and W, can be any welfare
level at least as high as W, (by (5)), and since it follows from (3) and (6) that
P(1, y) is a welfare range such that u > y, we can show that lemma 2.1 is true by
showing that A,u...UA,UC,UE is at least as good as B;u...UB,UC,.UE. This
suffices since Ay,..., A, By,..., B, Cy,..., C4, and E are arbitrary populations
satisfying (7)-(10).

The General Non-Extreme Priority Condition and (3)-(9) imply that

(11) A;UC,UF is at least as good as B;UC;,UF foralli, 1 <i<r
and any population F.

Letting F=A;,U...UA 1 UB,U...UB; | UE, it follows from (11) that

(12) AjUCU[A ;UL .UA 1 UBU...UB; UE] is at least as good
as BiUCi1U[AU...UA 1 UB,U...UB;UE] forall i, 1 <i <

r (see Diagram 3}.
Transitivity and (12) yield that

(13) AUCIUAU...UA 1 UBGUE is at least as good as
B, UC. 1 UA1UBU...UB, | UE.

and since A,.=Bo=0 (7-8), line (13) is equivalent to (see

(14) AjU...UAUC|UE is at least as good as
B,u...UB,UC,UE.
Q.E.D.

To show that Lemma 2 is true, we now need to prove
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Lemma 2.2: Condition % implies Condition .

Proof: Let
(1) W, be any welfare level such that z < 0;
(2) m be any number such that m > 0;
3) W, be a positive welfare level, R(1, y) be a positive welfare
range, and n a number of lives which satisfy Condition 7 for
W
4) W, be a welfare level such that x > u.

Let Ai,..., An+1, Bo,..., B, Cy,..., Ciui1, and D,..., Cy,, be any four sequences of
populations satisfying

(5) AW, N(A)=n, for all i, 1 <i<m; Ap1=F;
(6) B;cPR(1, y), N(Bi)=n, for all i, 1 <i < m; By=J;
(7) CicW,, N(C)=1, for all i, 1 <i < m; Cp.1=T;
(8) DicWs, N(Dy)=1, for all i, 1 <i < m; Dy=D.
Finally, let
9) E be any population.
W,
We
i, ottt P el

Al"'Amﬁcl' . ‘(:m AZ' . An)’B1’C2' . ‘(:m’Dl A3' . An)’BlﬁBZ’C3"'(:m’DlﬁDZ Am,Bl‘"Bm-I’Cm’Dl"Dm-l Bl' . Bm’Dl"Dm

Diagram 4

The above diagram shows a selection of the involved populations in a case
where m > 4. As before, population E is omitted throughout.

Since W, can be any negative welfare level (by (1)), and W, can be any welfare
level at least as high as W, (by (5)), and m can be any number of lives greater
than zero, and P(1, y) is a welfare range such that u > y, and n is a number
greater than zero (by (3)), we can show that lemma 2.2 is true by showing that
Aju...UALUCLU...UC,UE is at least as good as B;u...uUB,uDu...UD,,UE.
This suffices since Aj,..., An, Bi,..., Bn, Cy,..., Cn, Dy,..., Do, and E are
arbitrary populations satisfying (5)-(9).
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It follows from (3)-(8) and Condition % that

(10) AUC,;UF is at least as good as B;UD;UF for all i, 1 <i<m,
and any population F

which, for F=A; U...UAL1UC ... UCUBgU...UB;jUDy...UD;;UE, in
turn implies

(11) A UCU[A V.. . UA L UC ... UC L1 UBgU...UB;.UD;...
WD, UE] is at least as good as B{UD;U[A;U...UA LU
Cis1...UCLh+1UBgU...UB;.1UDy...UD; jUE] forall i, 1 <i<m

(see Diagram 4

Transitivity and (11) yield that

(12) AUCIUAU. . . UA L UG, .. UC L 1 UBoUDGUE is at least
as good as B, UD,UA 111 UC 11 UBoU...UB,.1UDy....UDy,..
1UE

and since A,+1=By=C..1=Di=D (by (5)-(8)), line (12) is equivalent to (see

(13) Aju...UALUC,...UCLUE is at least as good as
B,u...UB,UD;...UD,UE. Q.E.D.

It follows trivially from lemma 2.1 and 2.2 that lemma 2 is true. Q.E.D.

4.3. Lemma 3
Finally, we shall show that the impossibility theorem is true by proving

Lemma 3: There is no population axiology which satisfies the
Egalitarian Dominance Condition, the Weak Non-Sadism Condition,
the Weak Quality Addition Condition, Condition [3, and Condition .

Proof. We show that the contrary assumption leads to a contradiction. Let

(1) W, be a welfare level and m a population size which satisfy
the Weak Non-Sadism Condition;

(2) W, be a welfare level, P(1, y) a welfare range, and n a
number of lives, which satisfy Condition & for W, and m;

(3) B:cW;, B,cWs, N(B))=n, N(B,)=m;

4) P(w, t) and P(1, v), w > v, be two welfare ranges, and p a
population size, which satisfy the Weak Quality Addition
Condition for B;

(5) Let W, be a welfare level such that x > w and x > u;
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(6)
(7)
(8)
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AcW,, N(A)=p;
HeW,, N(H)=n;
EcW,, N(E)=m.

[ 11

]

AUHUE AUB,UB,

Diagram 5

It follows from the definition of a welfare range that Ws;cR(1, y). Accordingly,
from (3) we know that B,cP(1, y). Consequently, from (2), (3), (7), (8), and
Condition 0 we get that

)
Let

(10)

(11)
(12)
(13)
(14)

AUHUE is at least as good as AUBUB, (see .

r > n+p be a number of lives which satisfies Condition 3 for

the three welfare levels Wy, W», and W, and for n+p lives at W,;

g be any number of lives such that ¢ > m and g > r;
GW,, N(G)=n+p+r;

IcW,, N(D)=q-r;

FcW,, N(F)=r.

AUHUE AUHUFUI GuUl

Diagram 6



What Osterberg’s population theory has in common with Plato’s 43

Since AUHCW,, and N(AUH)=n+p (by (6) and (7)), and IcP(1, 3), it follows
from (10)-(14) and Condition [3 that

(15) GuUI 1s at least as good as AUHUFUI (see .

Since the F- and the I-lives have positive welfare (by (13) and (14)), it follows
from (1), (8) and the Weak Non-Sadism Condition that

(16) AUHUFUIL is at least as good as AUHUE (see .

By transitivity, it follows from (15) and (16) that
(17) GuUI is at least as good as AUHUE.
Let
(18) CcWs, N(C)=p+g-m.

[ 1[I0 | | =

]

AUHUE AUB,UB, B,uB,UC GuI

Diagram 7

Since WscP(1, v), we can conclude that CcP(1, v), and since x = u (by (5)),
and AcW, (by (6)), it follows from (4) and the Weak Quality Addition Condi-
tion that

(19) AUB|UB; is at least as good as B UB,UC (see .

Since B;UB,UCCW; (by (3) and (18)) and GUIEW,UW,, (by (12) and (13)) and
N(B;UB,uUC)=N(GUI), the Egalitarian Dominance Condition implies that

(20) GuUI 1s worse than B;UB,UC (see .
By transitivity, it follows from (19) and (20) that

(21) GuUI 1s worse than AUB,UB,
and from (9) and (21) that

(22) GuUI is worse than AOUHUE
which contradicts (17). Q.E.D.
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It follows trivially from lemma 1, 2 and 3 that the impossibility theorem is true.
Q.E.D.
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