1 The maximum likelihood estimator of the
linear model

Let y be a (n* 1) vector of sample observations and @ be a (k* 1) parameter
vector. The joint density is f (y;@). The log-likelihood function is defined
as
l=InL(0;y)=Inf(y;0).
Under rather general regularity conditions the maximum likelihood esti-
mator 6 has the following properties:
1. Consistency.

plimb\ =0.

2. Asymptotic normality.
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Where I(0) is the information matrix. Can be defined in two ways
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The vector of first order conditions with respect to the parameters s (0;y) =

(%) is called the score vector.

The matrix of second order conditions is the Hessian
[ 8% 921 921
962 307962 T 00206,
ot 2%
921 90200, 902
0000’
okt 2%l
96290, : : 062

3. Asymptotic Efficiency. It has (asymptotically) the minimum vari-
ance, I (0)71. The variance of the ML estimator fulfills asymptotically the
Cramér-Rao lower bound.

4. Invariance. If 0 is the ML estimator of a parameter 6 and ¢ (0) is a

continuous function of 6, then ¢ (5) is the ML estimator of ¢ (9) .



If we can show that the Maximum Likelihood estimator of the linear
model is equivalent to the OLS, we have shown that the OLS estimator
shares the attractive properties of the ML estimator. So let’s derive the ML
estimator of the linear model

y = X8 + & where € ~N (0,0°1) . (1)

The multivariate normal density for € is
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The multivariate normal for y given X is then

fly [ X) =f(e)

This means that we can use f(g) to derive the log likelihood function

[(B,0%y) = Inf(y|X)=Inf(e)
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The F.O.C. are
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Solving for B and o2 gives us the ML estimators

BML = (X’X)_lX/y:b
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o2 is biased since
ML
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But it is consistent, since ”T_k — lasn — oo.



The S.0.C.:s are
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Taking the expectation of these, we have
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From these we can get the information matrix
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As it is a block diagonal matrix it is easy to obtain the inverse
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These are the Cramér-Rao lower bounds.



